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Abstract

This report extends previous results obtained from the investigation into the
use of quantiles for data compression of space telemetry. Tests of hypotheses are
given, using six and eight optimum sample quantiles. Tests A and A test the mean
of a normal population. In Test A the variance is assumed to be known and in
Test A it is assumed to be unknown. Test B tests the variance of a normal popula-
tion when the mean is unknown. Tests D and D decide whether the unknown
means of two independent normal populations are identical under different assump-
tions on the values of the parameters. Test E decides whether the unknown vari-
ances of two independent normal populations are identical when their common
mean is unknown. Tests F and F decide whether or not two normal populations
are independent. In addition, estimators of the correlation coefficient are con-
structed. Suboptimum test statistics and estimators are also given. In all cases, the
sample sizes are assumed to be large.
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Tests of Hypotheses and Estimation of the Correlation

Coefficient Using Six and Eight Quantiles

1. Introduction

Data compression of space telemetry is desirable be-
cause there is a limit to the total amount of information
that can be transmitted through a communications chan-
nel in a given time and, therefore, a limit to the number of
experiments that can be performed simultaneously aboard
a spacecraft for given sample sizes if all the observations
are to be transmitted back to earth in that same time. The
aim of a data compression system is to transmit only
“useful” information, discarding the remainder of the data.
If the data compression ratio (the ratio of the number of
observations taken to the number transmitted) is high
enough, it will then be possible to perform additional
experiments with a relatively small increase in cost.

The criterion used to determine whether information
is useful or not usually depends upon the type of informa-
tion desired. For example, given an initial observation, the
next useful bit of information might be the first subse-
quent observation which differs from the initial one by
more than some previously prescribed amount. If the
quantity under observation is changing slowly, only a
small fraction of the total number of observations would
be defined, under this criterion, as being useful. In other

JPL TECHNICAL REPORT 32-1163

words, one may be interested primarily in sufficiently
large changes in the observations, rather than in the obser-
vations themselves, and a data compression scheme that
chooses and transmits only those observations which indi-
cate these changes may achieve large compression ratios
with little or no loss of useful information. On the other
hand, if one loses, say, 1/n of the useful information con-
tained in n observations by deleting any one of them, any
attempt to achieve data compression in this case is useless.

In those instances where the data are to be used to
draw statistical conclusions from a histogram, it may be
possible to achieve significant amounts of data compres-
sion with only a small loss of useful information by trans-
mitting a small number of sample quantiles instead of all
the sample values when the sample size is large. The

‘sample quantiles can then be used to perform the identi-

cal statistical analyses for which the histogram was orig-
inally intended.

The uncertainty that invariably accompanies statistical
conclusions usually decreases as the sample size increases
when standard statistical techniques are used. Because
the variances of sample quantiles are, asymptotically,



inversely proportional to the sample size n, the same
reduction in uncertainty, when n is increased, follows
from the use of these order statistics as from the use of
nonordered ones. Thus, the principal advantage of a large
sample size is not sacrificed by this form of data compres-
sion. Consequently, an investigation into the use of sample
quantiles to achieve data compression of space telemetry
has been in effect for several years at the Jet Propulsion
Laboratory (JPL) and is still continuing,.

Previous results of this investigation are given in three
JPL Technical Reports, Refs. 1, 2, and 3. Reference 1
deals with the problem of efficiently estimating the
parameters of a normal distribution, using up to 20
quantiles, and also describes two goodness-of-fit tests,
each using four quantiles. References 2 and 3 are con-
cerned with hypothesis testing and the estimation of the
correlation coefficient of a bivariate normal distribution,
using up to four sample quantiles. The present report
extends most of the results derived in Refs. 2 and 3 to
six and eight quantiles.

For comparison purposes, the test designations here
will be the same as those in Refs. 1-3.

In Tests A and A, it is assumed that we are given n
independent observations from a normal population; the
tests are designed to decide whether the mean, p, has
a value of p, or p.. In Test A, the variance, ¢?, is assumed
to be known, while in Test A, no such assumption is made.

In Test B, we test whether ¢ has a value of ¢; and .
When an even number of quantiles are used, it is not
necessary to assume that p is known.

In Tests D, D, and E, it is assumed that we are given
sets of independent sample values taken from two inde-
pendent, normally distributed populations, with means
na and p, and variances of and ¢%. In Test D, it is assumed
that ¢ = ¢, = o is known and p, is unknown, and we test
whether p, = p; or p; = p, + 0, §40. In Test D, the
assumption that ¢ is known is not used. In Test E, it is
assumed that u = p; = p, is unknown, o, is unknown,
and we test whether o, = o, or 0, = 80y, § > 0.

In Tests F and F, we are given n independent pairs
of observations taken from two normally distributed
populations. In Test F, we assume that y,, u., o1, and a2

are known and test whether p =0 or p=40. In Test F,

we assume that both p=p; =p, and ¢ =06, =0, are
unknown and again test whether p =0 or p50.

In estimating p, it will first be assumed that the con-
ditions of Test F hold. This estimator will be denoted
by p.. For the second estimator, £, it will be assumed
that u = y; = p, is unknown and that o, and o, are
known.

Table 1 summarizes the hypotheses and assumptions
above. The statement “g(x) = N (g, 0)” will mean that
the random variable under consideration is normally
distributed with mean p and variance ¢* and has the
density function g(x) associated with it.

The power functions P, of the quantile tests are
derived, and the power function Pj of the best test using
all the sample values will also be given. The efficiencies
of the quantile tests, defined as P,/P,, are determined.
The efficiencies, var (r)/var (p;) and var (r)/var (8) of p
and §,, respectively, are also determined for the special
case p = 0, where r is the sample correlation coefficient.

Test A; will denote Test A using i quantiles, Test A;
will denote Test A using i quantiles, and so on. In all
cases, the sample sizes are assumed to be large (=200).

The efficiency of a test is a measure of the loss of
information that results from applying the test using a
test statistic other than the one that maximizes the power
of the test. For each of the tests discussed in this report,

Table 1. Hypotheses and assumptions relating
to the tests, and assumptions relating
fo estimating p, and p,

s Alternative .
Test Null hypothesis hypothesis Assumptions
A o known
~lr s =Nuwa) | 900 =Nuwo
A o unknown
B gi{x) =Nlg,01) | gi{x) = N(g 02 4 unknown
o o (x) = N (. 0) x and y independent;
g1 (x) = N (g, o) o known, & unknown
_ gy} =N{u+ 8,0
5 g:{y} = N{u .,0) 0 %0 x and y independent;
u# and o unknown
g (x) = N (u, o)
=1 a{x) =N{g, o) x and y independent;
£ y) = N{u, o) 8:1r) = Nu, 6o} « and o unknown
= , o
g2y >0
F g1{x) = N (1, 01) | 91{x) = N {ita, 01) M, f2, 61, 02 known
T g2 (y} = N (g2, 02} | g2(y) = N {2, 02} &= 1= g and
p=0 pF*0 o = 01 = gz unknown

AN
Estimating p 1, f2, 01, 02, known

Estimating 32 01 and o2 known

pa = gz = u unknown
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it is well known that the test statistic that maximizes the
power of the test is a function of all the sample values.
By using test statistics that are, instead, functions of a
small number of sample quantiles, a large data compres-
sion ratio naturally results when the sample size is large.
However, the important question still remains as to how
much information is lost by this substitution. The follow-
ing is a summary of the minimum efficiencies of each test
for a sample size of 200 and a significance level of 0.01.
Details are given in the appropriate tables.

The efficiencies of Tests A and A depend upon
sz — pa/o. The minimum efficiencies for Test A are 0.955
using six quantiles and 0.971 using eight quantiles. The
minimum efficiencies for Test A are 0.938 using six
quantiles and 0.955 using eight quantiles.

The efficiencies of Test B depend upon e:/c;. The
minimum efficiencies for Test B are 0.875 using six
quantiles and 0.907 using eight quantiles.

The efficiencies of Tests D and D depend upon 8/s.
The minimum efficiencies for Test D are 0.954 using six
quantiles and 0.971 using eight quantiles. The minimum
efficiencies for Test D are 0.946 using six quantiles and
0.963 using eight quantiles.

The efficiencies of Test E depend upon 6, and the
minimum efficiencies are 0.873 using six quantiles and
0.901 using eight guantiles.

The efficiencies of Tests F and F depend upon p. The
minimum efficiencies for Test F are 0.920 using six
quantiles and 0.949 using eight quantiles. The minimum
efficiencies for Test F are 0.905 using six quantiles and
0.933 using eight quantiles.

The efficiencies of 5, are 0.869 using six quantiles and
0.895 using eight quantiles, while the efficiencies of §;
are 0.862 using six quantiles and 0.886 using eight
quantiles.

The sumamary above is a clear indication that the high
data compression ratios that can be achieved by using
six and eight quantiles instead of all the sample values
for the tests and estimators of p are not accompanied by
an excessive loss in information.

Ii. Review of Quantiles

To define a quantile, consider a sample of n inde-
pendent sample values, x;, %5, " * * , %, taken from a
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distribution of a continuous type with distribution func-
tion G(x) and density function g(x). The pth quantile,
or the quantile of order p of the distribution or popula-
tion, denoted by % is defined as the root of the equation
G (L) = p; that is,

p= [7dc ) =/"’g(x)dx

The corresponding sample quantile z, is defined as fol-
lows: If the sample values are arranged in nondecreasing
order of magnitude

LTSI 76 S S S 709

then x;, is called the ith order statistic and
Zp = X(inpl+1)
where [np] is the greatest integer = np.

If g(x) is differentiable in some neighborhood of each

| quantile considered, it has been shown (Ref. 4) that the

joint distribution of any number of quantiles is asymp-
totically normal as n— « and that, asymptotically,

E(z,) = &
var (z,) =%(—;;{E£—)
e (I —p)T%
pre [Pz - Pl):l

where p,, is the correlation between %y, and z,, and where
P < Pe.

Throughout this report we will denote by F(x) and
f(x) = F’ (x) the distribution function and density func-
tion, respectively, of the standard normal distribution;
that is,

F(x)=[:f(t)dt

where

F0) = gy o (— %)



Denoting by ¢, the pth quantile of the standard normal
distribution, one has

p=/igwdw=[fw”f@ﬂk=[jﬂ@ﬂ

Hence, one sees that, asymptotically,
E(z)==0ltp
and, since g (£7) = f(&)/e

2 F (&) [1—
nf? (&)

F(%)]

var (z,) =

so that the moments of the sample quantiles of normal
distributions are expressible in terms of the standard
normal distribution. When m quantiles are being con-
sidered, the sample quantiles will be denoted as z; of
order p;, i=1,2, - - -, m, and p; < p; for i <j. Here
Z; will denote the corresponding population quantiles of
the standard normal. Since n is assumed to be large, the
statistical analyses to be given in the sequel will be based
on the asymptotic normal distribution of the sample
quantiles.

E (ys) = 2pa (e + oz + a5) =

lHl. Tests A and A: Testing the Mean of a Normal
Distribution Using Six and Eight Quantiles

A. Test Ag

We test here the simple null hypothesis

H,: g (x) = g1 (x) = N (p, o)

against the simple alternative hypothesis

H;: g(x) = g:(x) = N (2 0)
where pa > py (p2 < pa).

Let z;, i=1,2, - -+ ,6, denote six sample quantiles
such that p, + ps = p, + ps = ps + p. = 1. Using these
six quantiles for the test, it is easy to deduce from pre-
vious results obtained using one and two pairs of sym-
metric quantiles that the best critical (or rejection) region
is that for which

Y = oy (Zl -+ Zs) + Q2 (z2 + Zs)
+ ag (Z3 + Z4) % k, M2 2 Fio]

where 2(a; + @, + a5) = 1. We determine k such that,

under H,, pr(y 2 k) = ¢, the significance level of the
test. Under H,,

2 2
var (yo) = -~ [afad (L + puo) + atat (1 + pus) + adai (1 + pu)

+ 201000504 (P12 + P15) + 20050404 (P1a + Pu) + 20050405 (Pza + P24)]

202
- 2
n 1

where

o = F(&)[1—F (%))
' 2 (&) ’

and p;; denotes the correlation between z; and z;. Under
H,

i=4,5,6

E (ys) = p2

20°
var (ye) = =11

To determine the value of k, one has, for u, > y,, under

HO)
k—
pr(ys<k)=F —2——?“— =F(()=1—¢
O

n

Therefore,
%
k = (’?{) ag 'ylb + M1

JPL TECHNICAL REPORT 32-1163



The power function P, of the test is determined as fol-
lows: under H,,

. k_,l-l-z . . e u,—
Pr‘y6<">"”[“(z>7‘—]‘l’(b 7 )
=) o7

n

=1-P, (1)

From Eq. (1) it can be seen that in order to maximize P,
the values of the «; (subject to the condition 2 33_, a; =1)
and the orders of the quantiles should be chosen so as
to minimize v,. From the results given in Ref. 1 relating
to parameter estimation, these values are

ps = 0.0540 pe = 0.9460 o, = 0.0968
p. = 0.1915 ps = 0.8085 a, = 0.1787
ps = 0.3898 p. = 0.6102 as = 0.2245

Using these values, one has

1.0228b
k=t =

P,=1—F (b — 0.9778n%i‘2—_—’fl>

g
For u, < pa,

1.0228bo
R

Therefore, Test A; can now be stated as follows: if

¥o = 0.0068 [z (0.0540) + z (0.9460)]
+ 0.1787 [2(0.1915) + 2 (0.8085)]
+ 0.2245 [ (0.3898) + 2 (0.6102)]

1.0228b
7 Zm @

> M = n],ﬁ ) M2

accept H,. Otherwise, reject H,. The decision will be
made at a significance level of ¢ =1 — F (b).

B. Test -A-s

In this test we are assuming that o is unknown. Hence,
a rejection region of the form defined by Ineq. (2) cannot
be used because of the dependence on o. However, since
an estimate of ¢ can be obtained using six quantiles of the
form G =c(zs — 2 + % — % + 24 — 25), We can substi-
tute & for ¢ in Ineq. (2), which results, for p, > py, in a
rejection region of the form

To = (a1 + @) 2, + (o1 — @) Zs + (ag + @) 2, + (az — @) 25
+(lx3 +OL) Z3 + (Ota — Ol) Za> (3)

where « must be determined such that the probability
of Ineq. (3) occurring is equal to ¢ when ¢ is unknown.

Under H,,

E (@) = (&2 + &) (p2 — 08e) + (ar — @) (Ml + ole)
+ (@ + @) (p1 — 0&s) + (@2 — @) (w1 + 0)
+ (’13 + “) (lh - 0{4) + (“3 - a) (Mi + U€4)
= i — 2a0 (&4 + &5 + &)

- 2¢° ,
var (Ye) = —:‘ {ag[ai (1 + pie) + a* (1 — pie)] + a2 [a3 (1 + pos) + a2 (1 — pas)]

+ af [a§ (1 + p34)- + az (1 o p34)] + 205@5 [({210{2 + O{a) P]_z + (0!1&2 e az) p15]

+ 2a.a, [(alaa + 0‘2) P13 + (aw!s - az) P14] + 2a.a; [(Olzas + 0-’2) pas T (0620!3 - 062) pz4]-}

20*
R

where

s F(Z)[1—F(&)]

@ (Z:)
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, i=4,5,6



and p;; denotes the correlation between z; and z;;

Ml_,lh1+2<¥0'(€4+€5+§6)

Pr(¥s < p) =F[

2\%
()

Yz

} — Fl:(zn)%a(C4 + &+ ZG)] — F(b) =1—¢

It is thus seen that the probability of Ineq. (3) occurring is indeed independent of o, and the orders of the sample

quantiles are subject only to the restriction that

bz [Ol%ag (1 + PIG) + agag (1 + P25)‘ + agai (1 + p34) "'I" 20!1&205“6 (P12 + p15)

2 -

+ 201030405 (P13 + P14) + 20050405 (Pza -+ P24)]

o

To determine P,, one has, under H,,

" n (Z4 + &5 + 56)2 — b? [a% (1 - Pm) + a2 (1 - st) + a (1 - P34) + 2a5a, (Plz - P15)

>0
+ 2a.a; <P13 - P14) + 2a.a5 (P23 - P24)]

E (ge) = M2 — 2ao (C4 + &+ gs)

2

var (o) =——7v4

n

pr(yG<M1):F[

Y
() o

Although if one uses in Test A, the quantiles and values
of the «; which maximize the power of Test A, the result
will not be strictly optimum, it is shown in Ref. 3 that
when this procedure was adopted in the two-quantile
case, the loss in power was negligible. Hence, we will con-
tinue _t_his practice in Test A, and Test A;. Thus, using in
Test A, the same quantiles and values of the «; as were
used in Test A, one has

bz
@ = 551169n — 18.60645°°

F(b)=1—¢

(4)
and one sees that even for moderate sample sizes, « >0
for all realistic values of . Since ., &, and ¢ are all posi-
tive and, for the usual small values of &, b 2 0 when
pe2 2 pa, the positive root of o2 must be used when p, > p1

and the negative root used when p, < p;. Thus Test A,
can now be stated as follows: if

T = (0.0968 =) 2 (0.0540) + (0.0968 =-a) z (0.9460)
+ (0.1787 ==q) 2 (0.1915)
+ (0.1787 <) 2 (0.8085) -+ (0.2245 -=«) z (0.3898)
+ (0.2245 <) 2 (0.6102)

S p, P22

IL1"}1«2'*'2&0'(@4"‘55'*‘56)]_1?(17_ n¥ Mz"‘.‘h)_l_P
- 2%')/2 [ - 0

accept H,. Otherwise, reject H,. Here o is given by
Eq. (4).

To compare the efficiency of Test A; and Test Ke, we
take, as an example, n = 200 and ¢ = 0.01. The power
functions of the tests then become

P,(TestA) =1—F (2.326 — 13.829 ﬂt—-“‘-)

13

Po(TestA) =1—F (2.326 — 13.708 ”2—:—“‘*—1>

The power function P} of the best test using all the sample
values is given by

[+

P=1-— F(b —_ n%u)
=1-— F<2.326 — 14.142 @)

If one compares the coefficient of (. — wa)/o in P,
(Test A) with that in P, (Test Ay), it is readily seen that
the loss in power by using in Test A, the quantiles and
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values of «; which maximize P, (Test A;) is indeed negli-
gible for n = 200. Under the best of circumstances the
coefficient in P, (Test As) must always be less than that in
P, (Test A;); the fact that they are, under these condi-
tions, almost identical is a strong indication that Test Ke,
as given, is very near optimum.

Table 2 gives the power and efficiency of Test A; and
the efficiency of Test As for n =200 and ¢ = 0.01. The
efficiencies of both tests are always greater than 0.93.

Table 2. Power and efficiency of Test A; and
efficiency of Test A; for n = 200, : = 0.01

f2 Test A Test As,
s P, Efficiency Efficiency

0.01 0.0143 0.9924 0.9896
0.05 0.0510 0.9681 0.9564
0.10 0.1727 0.9551 0.9381
01.5 0.4005 0.9564 0.9397
0.20 0.6698 0.9677 0.9550
0.25 0.8709 0.9822 0.9750
0.30 0.9658 0.9933 0.9903
0.35 0.9940 0.9984 0.9976

C. Tests A, and A

The procedure in Tests A; and A, is identical with those
used in Tests Ag and Aq. Let z;,i=1,2, - - - , 8, be eight
‘sample quantiles such that p, + ps=p. + p, =ps + ps =
ps + ps = 1. For Test A, the rejection region is given by

yg = @1 (z;[ + zg) + [24)) (zz + Z7) ‘+‘ a3 (Z3 + ZG)

+ (2. +25) 2k, pe 2

The value of k and the power function are again given by

9\%
k=p, =+ (;) vso b, p2 Z pa
_ L i
Py = F (b 2%73 o )

where

vi = afai (1 + pis) + afa2 (1 + par) + 262 (1 + pss)
+ o302 (1 + pus) + 2e1000:05 (p12 + pir)
+ 201030605 (p1s + pie) + 2arxasas (pra + pis)
+ 205030487 (paz + pae) + 2azae@sas (p2s + p2s)
+ 203040506 (ps3s + p3s)

F (L) [1— F(Z)]
F (&) ’

a; = i=5,6,7,8

and p;; denotes the correlation between z; and z;. The
orders of the quantiles and the values of the «; which
maximize P, are

p. = 0.0310 ps = 0.9690 a; = 0.0559

p. = 0.1154 p. = 0.8846 a; = 0.1119

ps = 0.2481 pe = 0.7519 as = 0.1550

p. = 04126 ps = 0.5874 a, = 0.1772

Using the values above, one obtains
1.0142b
k:l’«li_————_n% G, .Mz%lil

and, for p, > ps,
Po=1—F(b~0.9859n%—“i—:—"“i>, F(b)=1—¢

Test As can now be stated as follows: if

¥s = 0.0559 [z (0.0310) + (0.9690)]
+0.1119 [z (0.1154) + 2 (0.8846)]
+0.1550 [2(0.2481) + 2 (0.7519)]
+ 0.1772 [2(0.4126) + 2 (0.5874)]

1.0142be
SmE—F—, P2 2

accept H,. Otherwise, reject H,.

In Test A, the rejection region is of the form

Ys = (@1 =) 2y + {01 3me) 25 + (@2 ta) 2, + (@2 3za) 2: + (asa) 25 + (@ ) B + (@sta) 2 + (s m @) 2 2
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for p,.2 pi, where

b? [afaﬁ (1 + Pls) + ofa? (1 + p27) + a2a? (1 -+ Pae) + a2a? (1 + p45) + 2a1000,85 (pu_, + pl-,)
+ 2010360 (P13 + P1s) + 2ay 040504 (Pn + Plﬁ) + 20205000, (Pza + st)
+ Z2a0,a5a; (P24 + st) + 2a30.a5a, (Pa4 + Pas)]
2n (§5 + e+ &t CB)Z + b*[a3 (1 - Pls) + a3 (1 - 927) + af (1 — Pas) +at (1 - P45)
+ 2a,a5 (P12 - P17) + 2aqa, (P13 - pm) + 2asas ({114 - Pls)
+ 2a.a; (Pza - st) + 2asa, (Pu - st) + 2asa, (P34 - Pas)]

The power function for g, > u, is given by

1 _ %y — oy
P,=1 F(b M——;—), F(b)——l €

where

vi = a3 [af (1 + pis) + * (1 — pus)] + @F [aB (1 + por) + & (1 — por)]
+ a2 [o3 (1 + pss) + o2 (1 — pag)] + a8 [ad (1 + pas) + @* (1 — pus)]
+ 28,05 [(azar + o) p1z + (naz — @) pyr] + 28685 [(@r5 + 02) p1a + (105 — @2) p1e]
+ 2a5a5 [(a1as + o) pra + {@1as — &?) p1s] -+ 2868; [(@s0s + a?) pos + (azas — a®) pae}
+ 250, [(asas + o) pos + (az0s — 07) pas] + 20505 [(ases + @2) pss + (@sas — a?) pss]

Using in Test Ka the quantiles and values of the «; used in Test A, gives

bz
o = G11625n — 35.8901b° (3)

Test Ag can now be stated as follows: if

¥s = (0.0559 =a) 2 (0.0310) + (0.0559 <) z (0.9690) + (0.1119+a) 2 (0.1154) + (0.1119 <) 2 (0.8846)
+ (0.1550 +=e) 2 (0.2481) + (0.1550 5=a) 2 (0.7519) + (0.1772 +a) 2 (0.4126) + (01772 £ a) 2 (0.5874)
§ #1s M2 2 M1

accept H,. Otherwise, reject H,. Here o2 is given by Eq. (5).

For n = 200 and ¢ = 0.01, the power functions of Tests A; and -A-g are given by

P, (TestA)) =1—F (2.326 — 13.943 LZ-’*-)
g

Kz > M1
P,(TestA;) =1—F (2.326 — 13.832 ﬁ—aﬂ->

Table 3 gives the power and efficiency of Test A; and the efficiency of Test A for n = 200 and & = 0.01. The efficien-
cies of both tests are always greater than 0.95.
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Table 3. Power umi efficiency of Test A; and
efficiency of Test A; for n = 200, ¢ = 0.01

B . Test As Test As,
o Po Efficiency Efficiency
0.01 0.0144 0.9952 0.9924
0.05 0.0516 0.9799 0.9687
0.10 0.1756 0.9713 0.9555
0.15 0.4071 0.9723 0.9568
0.20 0.6780 0.9796 0.9680
0.25 0.8769 0.9889 0.9824
0.30 0.9683 0.9959 0.9933
0.35 0.9947 0.9990 0.9984

IV. Test B: Testing the Standard Deviation of a
Normal Distribution Using Six and
Eight Quantiles

Since ¢ was assumed to be the same in both hypotheses
of Test A, the test statistics turned out to be linear func-
tions of the sample quantiles. As a result, the best tests
using quantiles were all one-sided. In the present test,
however, we wish to discriminate between ¢ = o, and
o = o, and, as a consequence of using pairs of symmetric
quantiles, it is not necessary to assume that p is known.
Moreover, it will be seen that the best tests using quan-
tiles are not one-sided, but it will be shown that these can
be closely approximated by a one-sided test with a negli-
gible loss in power. Consequently, only these one-sided
tests will be given.

We test the simple null hypothesis

Ho: g (%) = g (%) = N (g, o)
against the simple alternative hypothesis
H,: g (x)= g (x) = N (p, 0.)
where p is not necessarily known and where
0: > 0y (0 < 04)

Let z;, i=1,2, - - -,z denote six sample guantiles
such that p, + pe = p, + ps = ps + p. = 1. From previous
results we can deduce that one should base the test on
the statistic

Yo = a1 (Be — 21) + @ (25 — 22) + @3 (74 — 2s)

. where 2(a; & + a2 &5 + asfy) = 1. We also deduce that

the best critical region, for ¢, > y, is given by

(ys — )2 > ke (6)

U'1+0'2

where k is determined such that the probabilty of Ineq. (6)
occurring is equal to e.

To determine k and P, one has, under H,,

E (ys) = ay (M- + 01lc — p+ 0‘1{6)’ + a, (# + a:ls — I + 0‘1{5) + as (,U« + 0yl — yui =+ 0'154) =0,

2 2
var (ys) = — [afaf (1 — pio) + et (1 ~ pss) + odai (1 — paa)

+ 2a,0,0506 (P12 - P15) + 20103040, <P13 - P14) + 2a,0,0.05 (Pza - Pz4)~] =

where

s F () [1— F(L)]

20iyE
n

@ @)
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and p;; is the correlation between z; and z;;

2
pr[(ys— o ) <k2]“—:pr[——k+ AL <ys<k+ Glaz]

(T]_+0'2 0'1+0'2 0'1+0'2

A e e
=F - 22% —F ! 22% =F{b)—F(c)=1—¢ (7)
O |0
2\% 010 2\% 0102
k= 0'1')’5b <7’b—> + o — i ;_20_2 = " o1YsC (R’) — oyt o1 _lf_ py (8)
Under H,,
E(ys) = o
263
var (yo) =~ 2
B a102 [~ 0102
0102 2 k2 _F k+0'1+0'2 o2 —F k+0'1+0'2 o2
pr y6—01+02 < = I\ o\ %
@) L =6)
_ -0'1 . nl/l _ [+5} 7] _ g1 = n% _ (5} _ _
=F - b ;Y (1 02)_ F[G—zc e (1 Uz)] =1—P, 9)

Theoretically, the values of b and ¢ depend upon o, and o, as well as upon . However, if one determines the value
of b in Eq. (7) by the relation F (b) = 1 — ¢ and neglects as negligible the second term of the left-hand side of Eq. (9),
P, will be a maximum if the orders of the quantiles and the values of the «; are chosen so as to minimize y;. These values
are known to be

p: = 0.0104 pe = 0.9896 a; = 0.0549
p. = 0.0548 ps = 0.9452 a; = 0.1244
ps = 0.1696 p. = 0.8304 a; = 0.1825
For these values, Eq. (9) becomes
Po=1— F[i’ib —1.3363 n%(l — i)] +F [i'io — 1.3363 n% (1 — i’-)] (10)
L 03 (12} s 0 o2
Now, noting from Eq. (8) that
. 2 [0}
s\ "h
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one has, for the argument of the last term of the right-hand side of Eq. (10),

o 1.3363n1/z( 1- 2 Y= "% p —26726n% "1( 1 > — 1.3363n%<1 —-"-‘)
o2 T2 L+ 2} [+ Y T2 o2
1+=
o
=T} — 08248 n¥ < — 0.8284 n

2

(since b > 0 for small values of &), a result obtained by maximizing

— 2.6726 1% i( ! > — 1.3363 n/z( 1— 2)
2\ 14+ 2 i

(51

over all values of ¢5/0, > 1. If n=— 200, then

F[—"—‘c - 1.3363n%(1 — —"-)] < F(—1L715) =0

T3 T2
and hence contributes nothing to the power of the test, verifying the negligibility of this term. If one determines b by
the relation F (b) =1 — &, the test then becomes the best one-sided test and has the advantage of being indepen-

dent of 2.

In effect we have set ¢ = — o0 when ¢, > ¢;. For o; < oy, since the rejection region becomes

o ’ 2
(ye o1 + 0'2) < k

one has
B 010 G102
k+ a'1+o‘2 Ty k+ 0‘1+0'2 Ty , ,
i T1Ys (7) C1Ys <—";L_)
A , n' o1 . o, n' o1 .
F_sz +‘)/52%(0'z 1)] Fl:ﬂ'z C +‘)/521/‘ py 1 —Po
For this case, we determine b’ such that F (b’) = ¢, resulting in b’ = —b, ¢’ = ¢ = — o0, and

The best one-sided Test B; can now be stated as follows: if

yo = 0.0549 [z (0.9896) — 2 (0.0104) 1,4 0.1244 [z (0.9452) — z (0.0548)] + 0.1825 [z (0.8304) — z(0.1696)]

0.7484b
§01(1.0i—nq&—>, 0220'1

accept H,. Otherwise, reject H,.
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With respect to Test Bg, let z;,i=1,2, - - - | 8, denote eight sample quantiles such that p; + pg_;.; =1,i=1,2,8,4.
The test statistic and best rejection region for this test are given by

4 4
Ys = 2 o« (zs-iu - zi); 22 ailgin=1
i=1 i=1
a0\ 5 ke >
!]8—01_‘_0_2 Z K, a2 & 01
Under H,,
E(ys) = ou
20} 2.2 2 2.2
var (yg) = n [alag (l - Plg) + a2a¥ (1 - p27) + aga% (1 - P36) + oasQs (]. - P45)'

+ 2a,0:0:G5 (P1z e P17) + La,0504a5 ({313 - P1s) + 2004505 (Pu - P15)

+ 2003040, (Pza - st) + 2ez0,05a; (P24 - st) + 2a3040505 (P34 — P35)]

942

= :l-l 'Yg

where

_ F(&:)[1—F(Z)]
12 (&) ’

and p;; is the correlation between z; and z;. Under H,,

a3

i=5,6,7,8

E (ys) = o2

2
20’2 2

Ye

var (ys) = -

As in Test B, we determine b by the relation F (b) =1 — ¢, for o, > a1, and F(—b) = ¢ for ¢, < o;. The orders of
the quantiles and the values of the «; which maximize the power of this one-sided best test are given by

p: = 0.00549 ps = 0.99451 o = 0.0307

p, = 0.0286 p=09714 &, =0.0730
pa = 0.0851 pe = 0.9149 s =0.1168
p. = 0.2017 ps = 0.7983 as = 0.1477

Using these values, the power functions of the test are given by

P0=F|:———Ul—b+1.3568n%<i1_*—_—6—1->], o

T2 g2

Y

g1
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Test B; can now be stated as follows: if

ys = 0.0307 [z (0.99451) — z (0.00549)] +0.0730 [z (0.9714) — 2 (0.0286)]
+0.1168 [z (0.9149) — 2(0.0851)] -+ 0.1477 [ (0.7983) — 2 (0.2017)]

0.7370b
gy (10 s _—1;,%——) ,

0'220'1

accept H,. Otherwise, reject Hy. The form of the power functions P§ (Test B) are identical with those of Test B, and
Test B;. The coefficient of (=1 == 0, /0,) is (2n)%. Table 4 shows P} (Test B) and the efficiency of Test B; and Test B,

for n =200 and ¢ = 0.01.

We used symmetric quantiles in Test A because they have been shown to be the optimum spacing for estimating the
mean of a normal distribution with an even number of quantiles. Although the use of symmetric quantiles for Test B
has not yet been proved to be the optimum procedure, we have used them because we conjecture that this is the opti-
mum thing to do, and also because the tests can be performed with no knowledge of p.

Table 4. P, (TestB) and efficiency of Tests B,
and B; for n = 200, ¢ = 0.01

Efficiency

as/01 P; (Test B)
Test B Test Bs
0.80 0.9818 0.9833 0.9886
0.85 0.7860 0.9225 0.9439
0.90 0.3584 0.8755 0.9068
0.95 0.0813 0.8968 0.9233
0.99 0.0159 0.9742 0.9792
1.01 0.0176 0.9733 0.9801
1.05 0.1033 0.9117 0.9343
110 0.3834 0.9018 0.9274
1.15 0.7210 0.9304 0.9492
1.20 0.9184 0.9658 0.9756
1.25 0.9838 0.9885 0.9920
1.30 0.9976 0.9973 0.9982

V. Tests D, D, and E: Two-Sample Tests

A. Tests D; and D,

In this section, it is assumed that we are given sets of
independent sample values taken from two independent,
normally distributed populations with density functions
g:(x) and g, (y) and consider the test

Ho: g, (x) =

H;: g, (x)

N (1”" U) 24 (y) =N

= N (¢ )

(1, @)

gy)=N(u+0,0, 050

For Test D, we assume that ¢ is known and y is unknown,
while in Test D, we assume that both p and ¢ are un-

JPL TECHNICAL REPORT 32-1163

known. Sample sizes n, and n, are assumed, where n, and
n, are both large (=200).

Beginning with Test D, let z;, 1= 1,2, - - - ,6, be six
sample quantiles of the first sample, such that p, + ps =
Po+ ps = ps + p. =1, and let 2! be the corresponding
sample quantiles of the second sample. Form

wizzi—z’i, i=1,2,';",6
The test will be made on the statistic given by the linear
combination

y(; = oy ('LU1 + wG) + WUg (w2 + W5) + [+ 4 (wg + w4)<

where 2 32_ «; = 1. The best rejection region is that for
which

Ys S k, 620
Under H,,
E(ys) =0
1 1
var (ye) =2 o*y3 (—n: + —1;2')
For § <0,
pr(ye<k)=F =F(b)=1
2/é [+2 ‘Yl
1
k=2%cyb (—— E

13



Under H,, power of Test A,, namely,

E(ys) = —¢ p, = 0.0540 ps = 0.9460 a; = 0.0968
1 1 = = =
var (ys) = 2 0%y} (-ﬁ; + -n—2> p= = 0.1915 ps = 0.8085 a; = 0.1787
ps = 0.3898 p. = 0.6102 as = 0.2245
3 k+46 '
priys <k =F 1 1\% h the use of
2% gy, (_n_ + 7{) Through the use of these values, Eq. (11) becomes
L. 1 2
_ 0 nmn, \*%
— 7l — g >
—_rl b+ 1 ‘ 2 P, F[ biO.97780(n1+n2> ], 620
1 1\%e
- ! : The power of the best test is given by
=1-P, (11)

9 nn. \%
) — — P - — =
Po Fl: b—q(n1+n2> }, 0<0

The order of the quantiles and the values of the «; which
maximize P, are the same as those which maximize the Test Dg.can now be stated as follows: if

¥s = 0.0968 [ (0.0540) — 2’ (0.0540) + z (0.9460) — 2’ (0.9460)]

-+ 0.1787 [2(0.1915) — 2’ (0.1915) + z (0.8025) — 2’ (0.8025)]
+ 0.2245 [z (0.3898) — 27 (0.3898) + 2 (0.6102) — 2’ (0.6102)]

1, 1\%
§i1.0228ba<;;-+—-) ; 00

1 n2

accept H,. Otherwise, reject H,.

The procedure for Test D, is similar to that employed  Under H,,
for Test As. The test statistics and rejection regions are
given by

E(s) =4ac(le+ &+ 2)— 0
To = (a2 %a) (2s — 21) + (@2 0) (7 — 25)

+ (e ta) (2 — 2) + (a2 ) (2. — 2z5) var (7)) = 20>y (7}_ n _1_1]_._>
+ (d3 i_a) (Z4 kand zg) + (aa $a) (Z3 - 7»;) 1 2
S0, 620 —
Using in Test D, the same quantiles and values of the «o;
Under H,, as were used in Test D,, one has '

14

E(Ys) = 4ao (L + &+ L)

bz
o =
var (ys) = 2 0%y} (—1— + i) 1164672 —2__ _ 18 .6964b°
n, N ) n, + n, )
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and if one sets n, = n, = 200 and & = 0.01, the power functions of Test D and Test D, are given by
P,(TestD,) = F (—2.326 +9.7780 ﬁ)
[¢3

P,(TestD;) = F (—2.326 +9.7357 9
Test D, can now be stated as follows: if

7o = (0.0968 =-c) [z (0.9460) — 2’ (0.0540)] + (0.0968 <) [z (0.0540) — 2’ (0.9460)]
+ (0.1787 a) [2(0.8025) — 2’ (0.1915)] + (0.1787 =a) [z (0.1915) — 2 (0.8025)]
+ (0.2245 -t0) [2(0.6102) — 2’ (0.3898)] + (0.2245 —«) [ (0.3898) — 2’ (0.6102)]
>0, 420

accept H,. Otherwise, reject H,.

B. Tests D; and Bg

Let z;, i=1,2, - - - ,8, be eight sample quantiles of the first sample such that z; + zs_;,, = 1, and let 2} be the
corresponding sample quantiles of the second sample. For Test Ds, the test statistic and rejection regions are given by

4
Yo = X @i (3 — 2 + Zaoiur — Bb-141) S kK, 620
4=1
Under H,,
E(ys) =0

1 1
var (ys) = 2 o3 (——— + ———)
1 N

.

[~

+

=S
3=

1

Under H,,

E(ys) = —¢

1 1
var (ys) = 2 0°y3 (E + —)

Ny

1
P0:F —bi 1 i %ﬁ_ >
1 o
n, N,

0Z0,F(b)=1—¢ (12)
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The order of the quantiles and the values of the «; which maximize P, are given by

p1 = 0.0310 ps = 0.9690 oy = 0.0559

p: = 01154 p. = 0.8846 a = 0.1119
P, = 0.2481 ps = 0.7519 @ = 0.1550
P = 0.4126 Ps = 0.5874 ay = 0.1772

Through the use of these values, Eq. (12) becomes

1%
PozF[ ~bi0.9860—6—( Pl > ] 820
o\

Test D; can now be stated as follows: if

ys = 0.0559 [z (0.0310) — 2’ (0.0310) + z (0.9690) — 2’ (0.9690)]
+ 0.1119 [z (0.1154) — 2’ (0.1154) + z (0.8846) — 2’ (0.8846)]
+ 0.1550 [z (0.2481) — 2’ (0.2481) + (0.7519) — 2’ (0.7519)]
+ 01772 [z (0.4126) — 2’ (0.4126) + 2 (0.5874) — 2’ (0.5874)]

1 1\%
< i1.0142ba<; + E) . gs0

1

accept H,. Otherwise, reject H,.

In Test Ds, the test statistics and rejection regions are given by

4
Ys = b (@i £a) (Zs-ie1 — 27) + (@i ma) (i — 28-i21) S 0, 620
=1
Under H,,
8
E(f) = 4a0 3 &
1=5
- 1 1
= Za 2t _—
var ) = 21 + )
Under H,,

E(ys) = 4ac _}_:sci — 49

- 1
var (ys) = 2 0274( 1 + ——-)

N, n,
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Using in Test Ds the sample quantiles and values of the
«; that were used in Test Dg, one has

2 — bz
244.650( e ) — 35.8901b°
n, +n,

o

If we let n, = n, = 200 gzld e = 0.01, the power func-
tions of Test D; and Test D; are given by

0
P,(TestD;) = F ( —2.326:+-9.8600 ;>

N
=

P, (TestD;) = F (—-2.326 +9.8202 %)

Table 5 gives the power and efficiency of Test D, and
the efficiency of Test D, for n, = n, = 200, ¢ = 0.01.
Table 6 provides the same information for Test D; and
Test Ds.

Table 5. Power and efficiency of Test D; and efficiency
of Test D; for n, = n, = 200, ¢ = 0.01

la/o‘l Test Ds 'I'e.sl" 56'
Po Efficiency Efficiency
0.01 0.0129 0.9938 0.9931
0.05 0.0331 0.9752 0.9708
0.10 0.0887 0.9603 0.9535
0.15 0.1949 0.9539 0.9460
0.20 0.3552 0.9546 0.9467
0.25 0.5467 0.9610 0.9541
0.30 0.7278 0.9708 0.9655
0.35 0.8632 0.9813 0.9778

Table 6. Power and efficiency of Test D, and efficiency
of Test D; for n, = n, = 200, ¢ = 0.01

| o/a ‘ Test Ds E-::.s! Ds,
Po Efficiency iciency
0.01 0.0130 0.9962 0.9954
0.05 0.0334 0.9844 0.9799
0.10 0.0901 0.9752 0.9682
0.15 0.1984 0.9711 0.9629
0.20 0.3615 09717 0.9636
0.25 0.5551 0.9758 0.9689
0.30 0.7362 0.9819 0.9767
0.35 0.8696 0.9885 0.9851
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C. Tests Es and -E;
The hypotheses of these tests are given by
Ho: g, (x) = N(p,0),
H,: gi(x) = N(u, 0),

g:(y) = N(p,0)
g:(y) = N (p, 00), 4>0

where p and o are unknown. For simplicity, we will first
assume that n, = n, = n.

For Test Eg, letz;,i = 1,2, - - - , 2, be six sample quan-
tiles such that p, + ps = p, + ps = ps + p. = 1. Let 2} be
corresponding sample quantiles of the second sample. In
order to eliminate dependence on x and o, we take as the
test statistic the linear combinations

7o=(1+ “) [as (26 — 21) + ez (25 — 22) + @3 (24 — 25)]
(1= &) [a (2 — 1) + @2 (25 — 22) + s (2L — 25)]

where 2 (;{s + @285 + @3¢,) = 1 and the rejection region
will be taken as 7, < 0.

Under Ho,
E (§e) =20
- 1
var {ye) = "y [2(1 + a)2 02 + 2(1 — a)? o%y2]

41+ a?) oy
- n

P @ <0 =F| 377 o

where F (b) =1-— ¢ and

— 20 n* ]

-1 (13)
Under H,,

E(yb-)=(1+a)o+(1—a)9a?o[1+a+9(l —a)]

var (7) = 21‘:2 LI+ 2 + (1 — o) 67]
o —[tet0(l— o)l
. <0) = F g T o+ o)
bt e[l tat+(l—a)) _
S WY (s iy R }”P°
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As in Tests E, and E,, we will use in Test E, the orders of the quantiles and values of the «; which minimize the
variance of the quantile estimator of ¢ from a single set of sample values, namely,

p. = 0.0104 pe = 0.9896 o = 0.0549
p. = 0.0548 ps = 0.9452 @ = 0.1244
ps = 0.1696 ps = 0.8304 @ = 0.1825

Through the use of these values, Eq. (13) becomes

o = 3.5;;3n _1 (14)

Now, for § > 1, since b > 0, P, will increase as 6 increases from § =1 if &« > 1, and for § < 1, P, will increase
as 0 decreases from 8 =1 if « < —1. From Eq. (14) one sees that for realistic values of ¢ and even moderate values
of n, &> 1. For example, for n =200 and ¢ = 0.01, «* = 131.018. Thus, for 6 > 1, one uses the positive root of
Eq. (14) and, for ¢ < 1, one uses the negative root.

Test E, can now be stated as follows: if

To = (1 = o) {0.0549 [z (0.9896) — 2 (0.0104)] + 0.1244 [ (0.9452) — 2 (0.0548)] + 0.1825 [z (0.8304) — z(0.1696)]}
+ (L «) {0.0549 [z’ (0.9896) — 2’ (0.0104)] -+ 0.1244 [z’ (0.9452) — =’ (0.0548)] + 0.1825 [’ (0.8304) — ' (0.1696)])
>0, g1

accept H,. Otherwise, reject H,. Here «? is given by Eq. (14).

If n, =4 n,, « is determined by the relation

1 1 1 1 1
2 — — e
0.14[(l+a)(n1+ >+2a<n1 )] 7 =0 (15)
Then the positive root of Eq. (15) is used for ¢ > 1 and the negative root is used for § < 1.

With respect to Test Eg, let z;,i = 1,2, - - - , 8, denote eight sample quantiles of the first sample such that p; + ps-iss =1,
and let 2z} denote the corresponding sample quantiles of the second sample. The test statistic for the test is given by

Te = (L+ a) [o1 (Bs — 21) + @2 (2 — 25) + @3 (26 — 2s) + s (25 — 24)]
+ (1 — &) [ (28 — 21) + o (27 — 25) + a5 (% — 25) + aa (25 — z1)]

where

4
2 2 s iy =1

i=1

The rejection region is given by % < 0. Omitting the details, which are analogous to those of Test E,, for
n; =N, = n, « is determined by the relation

o =gz —1 (16)
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where F (b) =1 = ¢. The orders of the quantiles and the values of the «; used in the test are given by

p. = 0.00549 ps = 0.99451 a; = 0.0307
p. = 0.0286 p, = 0.9714 a; = 0.0730
ps = 0.0851 pe = 0.9149 a; = 0.1168
p. = 0.2017 ps = 0.7983 o, = 0.1477
Through the use of these values, Eq. (16) becomes
_ 368l7n

a7

Since the positive root of Eq. (17) is used for § > 1 and the negative root used for § < 1, Test E, can now be stated

as follows: if

s = (1 == a) {0.0307 [z (0.99451) — 2 (0.00549)] + 0.0730 [z (0.9714) — 2 (0.0286)]

+ 0.1168 [z (0.9149) — 2 (0.0851)] + 0.1477 [2(0.7983) — z (0.2017)]}

+ (1 5 «) {0.0307 [’ (0.99451) — 2’ (0.00549)] + 0.0730 [z’ (0.9714) — 2’ (0.0286)]

+ 0.1168 [z (0.9149) — 2’ (0.0851)] + 0.1477 [z’ (0.7983) — 2’ (0.2017)1}

>0, 621

accept H,. Otherwise, reject H,,.

The power function of Test E; is identical in form with
that of Test E; and is given by

(bt e[+ at6(l—a)]
P"‘F{ PAILF o) T (L= a) 0°T% }

If n, %4 n,, « is determined by the relation
1 1 1 1 1
0.1358[(1 + a2)<}: + "n—2'> + 2a (Tl - n—2>:| =

The positive root of Eq. (18) is used for § > 1 and the
negative root is used for § < 1.

The power function P; of the best test using all the
sample values is given (Ref. 2, p. 27) by

n*
P(’)=F(——b+—2—h’l02>, §>1
, n%_ 1
Po=F<-—b+——2—ln—9;>, <1

JPL TECHNICAL REPORT 32-1163

It is readily seen that Pg () = P (1/6) and P, (6) = Po(1/6)
in Tests E; and E.

Table 7 shows P (Test E) and the efficiency of Test E,
and Test Eg, for n, = n, = 200, ¢ = 0.01.

Table 7. P} (Testf) and efficiency of Tests E,
and E; for n, = n, = 200, ¢ = 0.01

- Efficiency
6 P, {Test E) = =

Test Eq Test Es
1.025 0.0240 0.9433 0.9563
1.05 0.0509 0.9069 0.9263
1.10 0.1640 0.8735 0.9013
1.15 0.3635 0.8750 0.9038
1.20 0.5995 0.8975 0.9225
1.25 0.7976 0.9267 0.9453
1.30 0.9168 0.9572 0.9688
1.35 0.9724 0.9789 0.9850
1.40 0.9925 0.9914 0.9940
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VL. Tests F and F: Tests of Independence and
Estimation of the Correlation
Coefficient o

_ A. Statement of the Problem

Given a set of n independent pairs of observations
(1, ¥1), (X2, Y2), * * * , (%n, Yn) taken from two normally dis-
tributed populations with means u, and u, and variances
o, and: o,, one is often interested in the answers to the
following two questions:

(1) Can we assert that the set of observations
x: {x1,x2, [ ,xn}
is independent of the set of observations
Y= {UuYs " " ,Ya} P

(2) What can be said about the correlation between
them, if any?

To answer the first question, the problem of testing the

null hypothesis

Ho: g, (%) = N (1, 01), g2 (y) = N (pz, 02), p=0
against the alternative hypothesis

Hi: g (x) = N (ps, 03), 82 (y) = N (ps, 2), p70

will be considered under two different assumptions. In
Test F, since we will assume that the means and variances
are known, we can, without loss of generality, assume stan-
dard normal distribution, that is, u; = p. =0, o, = 0z =1.
In Test F we will assume that u = p; = e and ¢ = o, = 0
are both unknown.

To answer the second question, unbiased estimators,
$. and $§; of p, will be constructed. For $,, the assump-
tions of Test F will be retained. For §,, we will assume
that u = p, = u, is unknown and that ¢, and o, are known
and hence can be put equal to 1.

B. Tests F; and F; and Estimators 5,

At this point, it is necessary to form two new sets of
values {u;} and {v;} from the sample values {x;} and {y;}

20

by means of the linear transformations

9%
ui =—5(x: + i)

2%
U; =——2—(—xi + y,)

It is easily verified that, under H,,

E(u)=E(v;)=0
var (u;) = var (v;) = 1

E (uv;) =0
and, under H,,

E(u:) = E(v;) =0

var (u;) = 1 + p, var(v;) =1~p

E(uiv;) =0

Therefore, the set of values {u;} is independent of the set
of values {v;} under both hypotheses. Tests F; and F,
and §, will be based on the quantiles of the transformed
sets of variable {u;} and {v;}, which are all normally
distributed.

Beginning with Test F¢, let z;, i = 1,2, - - - ,6, be six
sample quantiles of the {u;} such that p, + ps=p. +ps =
p: +p.=1, and let 2} be the corresponding sample quan-
tiles of the {v;}. The test statistic is given by

Ys = ay [26 — % — (z1 - z;)] + @ [2s — 2§ — (Zz - z;)]

+ s [2s — 2L — (25 — 25)]

where 2 (a:ls + &5 + asfs) = 1. The rejection region is

Ye 2 k7 P 2 0
Under H,,
E(ys) =0
4 2
var (ys) = :;5

JPL TECHNICAL REPORT 32-1163



For p >0,

pr (s < k) =F(?1:—‘) —F(b)=1—-¢

275b
k=g
Under H,,
E(ye) =1 +p)%— (1 —p)*
2
var (ys) = -
Forp >0,

pr(ye <K) = F{k —la+ p)zi— (1- pn%}

n*

%,

n%

ZF{b_ <1+p>%—<1—p)%]=1__1,0

Test Fs can now be stated as follows: if

The orders of the quantiles and the values of the a;
which maximize P, are the same as those which maximize
P, (Test Bg), namely,

P = 0.0104 ps = 0.9896 a; = 0.0549
p. = 0.0548 ps = 0.9452 @ = 0.1244
ps = 0.1696 p. = 0.8304 a; = 0.1825
Using these values, one has
1.0583b
k=+ 7 p%(), F(b)’——'—l'—s

P, =F {—b + 09449 n% [+ (1 + p)% == (1 — p)%]},

p20
The power functions of the best test using all the trans-
formed values {u;} and {v;} are given by

P8=F{1—_1‘[);[—b(1+92)%ipn’/z]}, p20
It is readily seen that Pi(p,) = Pi(—p,) and that
P, (Pl) =P, (—Pl)-

yo = 0.0549 [z (0.9896) — 2’ (0.9896) — z (0.0104) + 2’ (0.0104)]
+ 0.1244 [2 (0.9452) — 2’ (0.9452) — 2 (0.0548) + 2’ (0.0548)]
4 0.1825 [z (0.8304) — 2’ (0.8304) — z(0.1696) + 2’ (0.1696)]

1.0583b
Tl p2

S =+

accept H,. Otherwise, reject H,,.

0

In Test F,, omitting many of the details, the order of the quantiles and the values of the «; which maximize the power

of the test are

p. = 0.00549 ps = 0.99451 @, = 0.0307
p. = 0.0286 p, = 09714 a: = 0.0730
ps = 0.0851 pe = 0.9149 as = 0.1168
p. = 02017 ps = 0.7983 o, = 0.1477
For these values,
k=i1.0:123b, p20, F(b)=1—¢
Po=F{—b+09594n%[=(1+ p)% (1 — p)*¥]}, p20
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Test Fy can now be stated as follows: if

ys = 0.0307 [2(0.99451) — 2’ (0.99451) — 2 (0.00549) + 2’ (0.00549)]
+ 0.0730 [2(0.9714) — 2’ (0.9714) — z (0.0286) + 2’ (0.0286)]
+ 0.1168 [z (0.9149) — 2’ (0.9149) — 2 (0.0851) + 2’ (0.0851)]
+ 0.1477 [2(0.7983) — 2’ (0.7983) — z(0.2017) + 2’ (0.2017)]

1.04236
S = YT p20

accept H,. Otherwise, reject H,,.

Unbiased estimators of p, denoted by 1, will now be constructed using six and eight pairs of sample quantiles. The
efficiencies of these estimators will be determined relative to the sample correlation coefficient 7, the minimum variance
unbiased estimator of p, given by

é (u; — u) (vs —5)

where

_ 1z _ 12

u—WEIui, U——TE v;
for the special case p = 0. Since the asymptotic variance, var (r|p =0), is 1/(n — 1) (Ref. 5), the efficiency will be
defined as

var(r|p=0) 1
var(B1p=0) _ (n—Dvar(Blp=0)

eff (fi) =

When estimators of p ‘were previously constructed using one and two pairs of sample quantiles, it was shown that
the use of the optimum quantiles in Test F was very nearly optimum with respect to maximizing the efficiency of the
estimators. Consequently, this procedure was adopted for estimating p using four pairs of quantiles and will also be
used here.

Let z; and 2}, i = 1,2, - - - ,86, be defined as in Test F,. Then an unbiased estimator of p using six pairs of sample
quantiles is given by

a2tz — (@i + Y]t [+ 22— (231 28] +as[2d + 22— (71 23)]
e 4 (@3 + ) + (@ + 1) + as (@2 + 3]

where

g = F@) L~ F(Z)]
) nf (L) ’

i=4,56
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It is easily verified that E (5;) = p. The variance of the estimator is given by

1 2[4 2 22 —_
var (pl) - 2 [a1 (ag 4 Cé) + as (a,'g’ + zg) + as (dﬁ 4+ gi)]z {a1 [as (1 +P16) + 2a6£6 (1 plG)]

+ azlat (1 + pks) + 20282 (1 — pss)]
+ aflat (1— phe) + 20383 (1 — poo)]
+ Qes0 [20506L5Z (prz — ps) + @22 (p2e + pZs)]
+ 2an0s [284868:Ls (p1s — prs) + alad (pls + pld)]

+ a0y [2a405€4C5 (Pza - P24) + aiad (pga + P§4)]} (1 + P2>

where p;; denotes the correlation between z; and z; as well as the correlation between 2z} and z}. Using the optimum
quantiles and the values of the «; used in Test F, results in the following:

0.0549 { [z (0.0104)]> + [2(0.9896)]2 — [z’ (0.0104)]2 — [z’ (0.9896)]2}

+0.1244 { [z (0.0548)] + [z (0.9452)]2 — [z’ (0.0548)]> — [2’ (0.9452)]2}

A 01825 {[2(0.1696)]2 + [2(0.8304)]2 — [z’ (0.1696)]> — [2’ (0.8304)]}

pr= 6.6777
n

+ 3.1143

A1 gy o 12947 + 14250
var (Bilp = 0) = g = 7901n + 10103

For n = 200,
var (f; | p = 0) = 0.005780
eff (5,) = 0.8694
Now let z; and 2,1 =1,2, - - - ,8, be defined as in Test F;. Then, omitting the details, using the optimum quantiles

and values of the «; of Test F; results in the following unbiased estimate of p and its variance, using eight pairs of
sample quantiles:

0.0307 { [z (0.00549)] + [z (0.99451)]* — [z’ (0.00549)]2 — [2’ (0.99451)]}
+ 0.0730 { [2 (0.0286)]2 + [z (0.9714)]2 — [’ (0.0286)]* — [’ (0.9714)]}
+ 0.1168 {[2(0.0851)]* + [2(0.9149)]2 — [’ (0.0851)]2 — [#’ (0.9149)]}
A F 01477 {[2(0.2017)]% + [2(0.7983)]* — [# (0.2017)]* — [’ (0.7983)]%}

P1
72993 + 3.1397

N 1.3135 -+ 1.4097n
var (p:[p = 0) = 5 oz05 T 571040 + 123290

For n = 200,

var (| p = 0) = 0.005615
eff (5,) = 0.8949
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C. Tests F; and Fg and Estimators ’l)\z

Under the assumptions of Test F, the linear trans-
formations

914
u; = —2— (x; + yz)
18
v; =g2—(—xs +yi)
give the followiné results:

Under H,,
E (u,,) = {Lz%, E (U@) =0

var (u;) = var (v;) = ¢®

E (uwi) =0
Under H,,
E (u;) = u2%, E(v;) =0

var (u;) = o2 (1 + p), var (v;) = o® (1~ p)

Now let z;, i = 1,2, - - - , 8, be six sample quantiles of
the {u;} such that p, + ps=p. +ps =ps +p,=1 and
let 2} be the corresponding quantiles of the {v;}. To elim-
inate dependence on p and o, the statistic that will be
used for the test is given by

yﬁ = (1 + OL) [al (zs - Zl) + 7] (ZS - Z2) + ag (Z4 - Z3)]
+ (1 — ) [ (& — 20) + a; (25 — 21) + a3 (2% — 25)]

where 2 (s + a2ls + asl,) = 1, and the rejection region
will be taken as G < 0.

Under H,,

41 +a2)02
n

2

var (fs) = s
pr(ys <0) = F(ﬁm) =F(—b) = &

where F (b) =1 — ¢ and

Under H,,
E(@s) =o[(1+a)(1+p)% + (1 a)(1—p)*]
var ) = 221 (1+ 2ap + o
N £ (LTI (R VLS e AL I "

If one uses in Test F, the same quantiles and values of the «; as were used in Test F,, Eq. (19) becomes

«

,_ 35173

@n

In order to maximize P,, it can be seen that the negative root of «? should be used for p > 0 and the positive root for

p < 0. Thus Test F, can be stated as follows: if

7o = (L = a) {0.0549 [ (0.9896) — 2 (0.0104)] + 0.1244 [2(0.9452) — z (0.0548)] + 0.1825 [z (0.8304) — 2 (0.1696)])
+ (1 == &) {0.0549 [z’ (0.9896) — 2’ (0.0104)] + 0.1244 [’ (0.9452) — 2’ (0.0548)] + 0.1825 [z’ (0.8304) — 2’ (0.1696)]}

>0, p20

accept H,. Otherwise, reject H,. Here o is determined from Eq. (21).

24
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With respect to Test FB, the use of the same quantiles and values of the «; as were used in Test F; results in the
following:

n 3.6817n
S —_— frweed ——
@ = l= T -1

where F (b) = 1 — ¢. The power function of the test is identical in form with that givén in Eq. (20), and Test F; can be
finally stated as follows: if

7s = (1 5 a) {0.0307 [z (0.99451) — z(0.00549)] + 0.0730 [ (0.9714) — z (0.0286)]
+ 0.1168 [2 (0.9149) — z (0.0851)] -+ 0.1477 [2 (0.7983) — 2 (0.2017)]}
+ (1 == o) {0.0307 [ (0.99451) — 2’ (0.00549)] + 0.0730 [’ (0.9714) — 2’ (0.0286)]
+ 0.1168 [2’ (0.9149) — 2’ (0.0851)] + 0.1477 [z’ (0.7983) — 2’ (0.2017)]}
>0, p=0

accept H,. Otherwise, reject H,.

Table 8 gives P; (Test F) and the efficiency of Tests F, F,, Fs, and Fy, for n = 200, ¢ = 0.01.

Under the assumption that @ = p, = p. is unknown and o; = o, = 1, unbiased estimators of p, denoted by 5, will

now be constructed using six and eight pairs of sample quantiles from the {u;} and {v;}. The efficiencies of $; will also
be defined as

1

Ay

o) = = Dvar (s =0)

Let z; and 25, i = 1,2, - - - , 6, be defined as in Test F‘s. Then an unbiased estimator of p using six pairs of sample

quantiles is given by

A _T [(ze — 31)2 - (2»2 - 24)2] — az [(25 - zz)2 - (zg - ZQ)Z] + a3 [(Z4 - za)2 - (Z; - zg)z}

Pz 4D
Table 8. P (Test F) and efficiency of Tests F, F., Fs, and Fs, forn = 200, : = 0.01
Efficiency

+p Pg (Test F) = =
Test Fe Test F; Test Fg Test Fs

0.010 0.01445 0.9806 0.9751 0.9862 0.9799
0.025 0.02419 0.9587 0.9450 0.9702 0.9582
0.050 0.05198 0.9369 0.9194 0.9569 0.9394
0.075 0.1004 0.9250 0.9071 0.9508 0.9330
0.100 0.1755 0.9206 0.9055 0.9495 0.9346
0.150 0.4067 0.9246 0.9197 0.9535 0.9491
0.200 0.6828 0.9383 0.9427 0.9607 0.9655
0.250 0.8876 0.9590 0.9665 0.9721 0.9795
0.300 0.9769 0.9808 0.9859 0.9862 0.9909
0.350 0.9972 0.9952 0.9970 0.9966 0.9983
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where

D=ga [aezs (1 - PIG) + 2@3] + @ [a?, (1 - st) + 2{%] + ay [(L§ (1 - P34) + 2{2]

ot = F(Z:)[1— F (%))
' nf* (&)

i=4,56
and p;; is the correlation between z; and z; as well as between 2} and z}. It is not difficult to verify that E (f;) = p. The
variance of , is given by

1

var () = e {a? [at (1 — pie)® + 40322 (1 — pie)] + o [at (1 — pus)? + 40303 (1 — pas)]

+ of [ai (1 - P34)2 + 4a3ls (1 - 934)] + 20500 [aﬁa?,- (Plz - P15)2 + dasa.lsls (P12 - Pls)]

+ 2a103 [aia% (P13 - Pl4)2 + 401{06:4&6 (P1a - P14)] + Leazas [alia% (P23 - 924)2 + 4da.as8.8s (Pz3 - P24)]} (1 + 92)
The use of the same quantiles and values of the «; as were used in Test F, results in the following:

0.0549 { [z (0.9896) — z (0.0104)] — [’ (0.9896) — 2’ (0.0104)]*}
+ 0.1244 {2 (0.9452) — 2(0.0548)]2 — [#’ (0.9452) — 2’ (0.0548)]}
p _ 01825 {[2(0.8304) — =(0.1696)]* — [’ (0.8304) — =’ (0.1696)]"}

P2
61961 | 69986
n
Al Q) = 1.1072 + 2.8505n
var (Bl = 0) = 53568 T 4 89410 + 24047
For n = 200,
var (B, p = 0) = 0.005831
eff (p.) = 0.8617
Now let z; and z},i=1,2, - - - ,8, be defined as in Test F,. Then, using the same quantiles and values of the «; as

were used in Test F,, and omitting the details, one has

0.0307 {[(0.99451) — 2 (0.00549) ]2 — [z’ (0.99451) — 2’ (0.00549)]}
+ 0.0730 { [2 (0.9714) — 2 (0.0286)]2 — [’ (0.9714) — 2’ (0.0286)]2)
+0.1168 {[2 (0.9149) — z(0.0851)] — [z’ (0.9149) — =’ (0.0851)]2}
A 10.1477 {[2(0.7983) — 2(0.2017)]* — [’ (0.7983) — =’ (0.2017)]?)

P2
6——'8:66 + 6.2794

C(h[p = 0) 11360 + 28194
var (p:|p = 0) = 55508 T 5 3740n T 04644

For n = 200,

var (f:|p = 0) = 0.005668
eff (5,) = 0.8863
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VIl. Applying the Tests

Two sets of samples, each containing 200 sample values,
were drawn from a table of random numbers (Ref. 6) in
which the entries are distributed N (0, 1). Hence, the sets
of sample values can be considered as samples of two
independent normal random variables, x and y, with
means u, = u, = 0 and variances ¢ = of = 1. The sample
quantiles (denoted by z (p) and 2’ (p), respectively) neces-
sary to perform the tests, as well as those used for the
estimation of p, were determined. All the tests were per-
formed at a significance level of 0.01. From the sample
values of x, the following quantiles were obtained:

2(0.0540) = —1.782 2(0.0104) = —2.112
2(0.1915) = —0.979 2(0.0548) = —1.782
2(0.3898) = —0.247 2(0.1696) = —1.125
2(0.6102) = 0.246 2(0.8304) = 0.875
2(0.8085) = 0.812 2(0.9452) = 1.500
2(0.9460) =  1.500 2(0.9896) = 2.358

z(0.0310) = —1.912 % (0.00549) = —2.444

z(0.1154) = —1.316 2(0.0286) = —1.939
2(0.2481) = —0.689 2(0.0851) = —1.616
2(0.4126) = —0.211 2(0.2017) = —0.957
2(0.5874) = 0.200 2(0.7985) = 0.790
z(0.7519) = 0.681 2(09149) = 1.241
2(0.8846) = 1.129 2(09714) = 1.808
2(0.9690) = 1719 2(0.99451) = 2.462

From the sample values of y, the following quantiles
were also obtained:

2’ (0.0540) = —1.569 2 (0.0104) = —2.205

2 (0.1915) = —0.765 2 (0.0546) = —1.569
2 (0.3898) = —0.285 2 (0.1696) = —0.820
2 (0.6102) = 0246 2 (0.8304) = 0949
2 (0.8085) = 0923 2 (0.9452) = 1407
2 (0.9460) = 1407 2 (0.9896) = 2.358

2 (0.0310) = —1.753
2 (0.1154) = —1.086
2 (0.2481) = —0.544

2 (0.00549) = —2.973
2 (0.0286) = —1.893
2 (0.0851) = —1.244
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Z (0.4126) = —0.185 2 (0.2017) = —0.734

# (0.5874) = 0.200 #(0.7983) = 0.790
2 (0.7519) =  0.681 2 (09149) = 1246
2 (0.8846) = 1.129 2 (09714) = 1646
#(0.9690) = 1719 2 (0.99451) =  2.320

The sample means and sample standard deviations were
computed and found to be

Il

—0.0557
= 0.0345

s, = 0.9994

x
7 s, = 0.9372

The corresponding estimates using six and eight optimal
sample quantiles were also found to be

e = —0.0574 0. = 1.0187

= —0.0349 % = 1.0159
= 00168 %, = 0.9370
£,= 00258 &, = 0.9201

Estimates of p = 0 using six and eight pairs of quantiles,
as well as the sample correlation, were also computed and
were found to be

. = 0.0680 9. = 0.0655 r = 0.0245
A, = 0.0850 . = 0.0830

Tests A, A, and B, using six and eight sample quantiles,
were performed on both sets of samples, with H, being
true._In all six tests, H, was accepted. For Tests D, D,
and E, which require sample quantiles from both sets of
samples for each test, H, was accepted in all six tests when
H, was true. For Tests F and F, it was assumed that the
given sets of sample values were actually transformed
values {u;} and {v;} obtained from sets {x;} and {y:}
taken from two normal distributions with p = 0. With H,
being true, in each of the four tests H, was accepted.

Now, if x is distributed N (g, o), thenx’ = ax + b,a > 0,
is distributed N (ap. -+ b, ae). If the transformations above
were applied to all the sample values taken from a popu-
lation distributed N (g, ¢), one sees that not only would
the new sample values be distributed N (au + b, as) but
the order of the samples would remain unchanged; that
is, if x; < x;, then «} < x}. Hence, if z(p) were the quan-
tile of order p of the {x;}, then az(p) + b would be the
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quantile of order p of the {x;}. This fact permits us to per- In Tests A and A, by adding 0.20 to each quantile
form the tests when H, is not true by simply performing  z(p) and z’ (p), one can assume in each case that p, =0,
a linear transformation on the sample quantiles of the x;  p. = 0.20, ¢ = 1.0, and H, is true. The results of each test
and y;. These tests will be given in detail. The best tests  and the decision are as follows (Z and %’ will denote the
using all the sample values will also be given. sample quantile after the transformation):

Test A
0.0968 (%, + %e) +0.1787 (%, + %) + 0.2245 (Z: +%.) =0.1468 < 0.1682, acceptH,
0.0968 (% +%) + 0.1787 (Z; + %) + 0.2245 (%, + 'Z;) =(.2168 > 0.1682, reject H,

Test A;
0.0559 (%, + %) + 0.1119 (Z; + %) + 0.1550 (%; + %) + 0.2245 (%, + %) = 0.1653 < 0.1668, accept H,
0.0559 (Z; +7%) + 0.1119 (%, +Z;) + 0.1550 (Z; +%) + 0.2245 (%, + %) = 0.2258 > 0.1668, reject H,

Test KG
0.1276%, + 0.0660%, + 0.2095%, + 0.1479%; + 0.2553%; + 0.1937%, = —0.0288 < u,, accept H,
0.1276 %, + 0.06607%; + 0.2095%, + 0.1479%, + 0.2553%; + 0.1937%; = 0.0550 > u,, reject H,

Test KS
0.0771%, + 0.0347%; + 0.1331 %, + 0.0907 Z, + 0.1762 %, + 0.1338 %, + 0.1984%, + 0.1560 Z; = —0.0015 < 1, acceptH,
0.0771%, + 0.0347%, + 0.1331 %, + 0.0907%, + 0.1762 %, + 0.1338%, + 0.1984%, + 0.1560 %, = 0.0730 > #1, reject Hy

Adding 0.20 to each sample value and applying Test A to all the sample values results in

M=

-
it
—

x; = 0.1443 < 0.1645, acceptH,

M=

y; = 02345 > 0.1645, reject H,

S 3=

i=1

In Test B, by multiplying each quantile by 1.2, one can assume that u = 0, ¢, = 1.0, ¢, = 1.2, and H, is true. Then
one has

Test B,
0.0549 (Z; — %)) + 0.1244 (Z; — %) + 0.1825 (%, — %) = 1.2224 > 1.1230, reject H,
0.0549 (% — %) + 0.1244 (%, — %) + 0.1825 (z —%,) = 1.2444 > 1.1230, reject H,

Test Bg
0.0307 (%; — %) + 0.0730 (Z; — %) + 0.1168 (Z; — %) + 0.1477 (F; — Z.) = 1.1041 < 1.1207, accept H,
0.0307 (%, — Z.) + 0.0730 (%, — %) + 0.1168 (% — %) + 0.1477 (%, —%,) = 1.2191 > 1.1207, reject H,

Multiplying each sample value by 1.2 and then applying Test B to all the sample values results in

(

n %
2 > x?) = 23.963 > 22.326, rejectH,
i=1
n 1%
2 ( > yi) = 22451 > 22.326, reject H,
4=1
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In Tests D and D, by putting § = 0.20 and hence adding 0.20 to each 2z’ (p) and leaving each z (p) unchanged, one
can assume that § = 0.20, u, = p, + 0.20, o, = o, = 1.0, and H, is true. Then one has

Test Ds
0.0968 (2, — %, + 25 — %) + 0.1787 (2, — %, + 25 — 2%) + 0.2245 (2, — %, + 2, — %i) = —0.2751 < —0.2379, reject H,

Test Ds
0.0559 (2, — %, + 25 — %) + 01119 (2, — % + 2, — %) + 0.1550 (25 — % + 26 — Z)
+ 01772 (2. — %, + 25 — ) = —0.2607 < —0.2359, reject H,

Test 56
0.1184 (z, — 1) + 0.0752 (z, — %) + 0.2003 (25 — %) + 0.1571 (2, — %
+ 0.2461 (z, — %;) + 0.2029 (25 — %) = —0.0405 < 0, reject H,

Test ]—38
0.0708 (z, — %) + 0.0410 (z, —%%) + 0.1268 (z, — %) + 0.0970 (2, — %) + 0.1699 (zs — %5)
+ 0.1401 (2, — %) + 0.1921 (25 — %) + 0.1623 (z, — %) = —0.0360 < 0, reject H,

Adding 0.20 to each y;, leaving each x; unchanged, and then applying Test D to all the sample values results in

Sy = —0.2902 < —02326, reject H,

i=1

3]»—-:

l'n
'E.Ext

=1

In Test E, by multiplying each z’(p) by 1.30 and leaving each z(p) unchanged, one can assume that ¢ = 1.30,
g1 = o = 0, 05 = 1.30 oy, and H; is true. Then one has

Test E;
—10.4463 [0 0549 (% 1) +0.1244 (Z, — %) + 0.1825 (%, —%5)] = —0.0456 < 0, reject H,

Test Eg
+10.6233 [0 0307 (% — %) + 0.0730 (%, — %) + 0.1168 (% — %) + 0.1477 (% — %,)] = 0.1172 >0, accept H,

Multiplying each y; by 1.30, leaving each x; unchanged, and then applying Test E to all the sample values results in

SOR

x3
=In[ 21— | = —0.0856 > —0.1645, accept H,
2yt

i=1

In Tests F and F, by multiplying each z (p) by 1.2% and each z’ (p) by 0.80%, it can be assumed that each % (p) is the
quantile of order p of a transformed set of variables {u;} distributed N [0, (1 + p)*%], that each %’ (p) is the quantile of
order p of a transformed set {v;}, distributed N [0, (1 — p)*], and that the transformations were applied to correlated
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sets {x;} and {y;}, each distributed N (0, 1) with p = 0.2. Hence, for Tests F and F, one has p, =
p =020, and H, is true. The results of the tests are

Test Fg
00549(%, — % — % + %) + 01244 (%, — % — %, + %) + 0.1825(F, — %, — %, + %) = 0.2741 > 0.1741, reject H,
Test Fg
00307 (% — % — % + %) +00730(% —% —~ % +%) + 01168 (% — % — % + %
+ 01477 (%, — %, — Z. — %) = 0.2899 > 0.1714, reject H,
Test FG
— 10.4463 [0.0549 (%, — %) + 0.1244 (%, — %’2) +0.1825 (%, — %.)]
+ 12,4463 [0.0549 (%, — %) + 0.1244 (% — %) + 0.1825 (%, —%:)] = —1.2264 < 0, reject H,
Test E;
- 10.6233 [0.0307 (%, — %) + 0.0730 (%, — %) + 0.1163 (%, — %) + 0.1477 (%, — Z,)]
+ 12.6233 [0.0307 (%, — %) + 0.0730 (%, — %) + 0.1163 (% — %) + 0.1477 (% — %] = —1.4338 < 0, reject H,

Multiplying each x; by 1.2% and each y; by 0.80% and applying Test F to all the sample values results in

[&2“0 0'1""0'2—1

SG-Dut S+

i=1

VIil. Suboptimum Test Statistics

Tables 9 through 12 give the test statistics and accept-
ance regions to be used in Tests A, B, D, and F. The tests
are given as functions of n for ¢ = 0.01 and ¢ = 0.05.
Tables 13 through 16 give the test statistics and accept-
ance regions to be used in Tests A, D, E, and F as func-
tions of n and .

However, in order to apply the results developed here
to statistical experiments performed aboard a spacecraft,
it may be necessary to specify the order of the quantiles in
advance. For maximum data compression, only one set
of k quantiles should be so specified for a k quantile test
or estimator, regardless of which test or estimator is re-
quired. Since a set of quantiles that is optimum for one
test is not, as we have seen, necessarily optimum for
another, it is obvious that a compromise is required,
based on some reasonable criterion. This problem was
encountered in our previous investigations into the use
of quantiles for data compression, and hence a proposed
solution is at hand and will be presented here.

It has, no doubt, been noted that only two sets of k
quantiles or k pairs of quantiles (as well as the values of

30

1) v? = —23.390 < 12.908,

reject H,

the «;) have been used for the tests and for estimating p.
The sets and values of the «; used in Tests A, A, D, and D
are those which provide the asymptotically unbiased esti-
mators of the mean of a single normal population with
minimum variance, The sets and values of the «; used in
Tests B, E, F, and F and for estimating p are those which
provide the asymptotically unbiased estimators of the stan-
dard deviation with minimum variance. Thus we are faced
with the problem of effecting a compromise between two
sets of quantiles and values of the «;, one that minimizes
var () and another that minimizes var (5). The compro-
mise we now propose is one that was adopted previously
for estimating p and ¢ and for the tests using four quan-
tiles. Determine the orders of the set of k/2 pairs of sym-
metric quantiles and weights ¢; and 8;,i = 1,2, - - - ,k/2,
such that unbiased estimators of x and o are given by

l\k/
p= 2 a

i=1

(zi + Ly~ 1+1)

Q>
&
N

Bi (R-i41 — i)
1

o
]

and for which the linear combination var () + C var (8) is
aminimum, C = 1,2, - - -,
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The same sets of quantiles are to be used in all tests and
for estimating p. Weights «; are to be used in the test sta-
tistics of Tests A, A, D, and D, while weights 8; are to be

used in the test statistics of Tests B, E, F, and F and for -

estimating p.

In Ref. 1, sets of six and eight quantiles as well as the
values of the «; and g8; are given which meet the above

JPL TECHNICAL REPORT 32-1163

conditions for C = 1,2,3. Test statistics (designated as
suboptimum) and acceptance regions were calculated for
these sets of quantiles and values of the o; and B8; and
are given in Tables 17 through 22 as functions of n and .
Finally, Tables 23 through 26 give the near-optimum and
suboptimum estimators of p. In all cases, the loss in effi-
ciency in going from optimum or near-optimum to sub-
optimum conditions is not excessive.
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Table 9. Test statistics and acceptance regions for Tests A; and A,
Ho: g [x) = g1 (x} = N (g1, 0)
Hi: g 00 = g: (x) = N (g, 0), o known

Conditions Acceptance regions

0.0968 [z{0.0540) + z (0.9460)] + 0.1787 [z (0.1915) + z{0.8085)]
-+ 0.2245 [z (0.3898) + z(0.6102)]

2.37930
SmE=——

N

Y2 Ha

£= 0.01 0.0059 [z{0.0310) + z(0.9690)] + 0.1119 [z{0.1154) + z(0.8846)]

+ 0.1550 [z (0.2481) + z(0.7519)] -+ 0.1772 [z (0.4126) + z (0.5874)]

2.35940
SmE——

0.0968 [z {0.0540) + z(0.9460)] + 0.1787 [z(0.1915) + z(0.8085)]
+ 0.2245 [z (0.3898) + z(0.6102)]

1.68220
§ [ 23 + 1%
> n
H2 & fa

&€= 0.05 0.0559 {z{0.0310) + z(0.9690)] + 0.1119 [z(0.1154)+ z(0.8846)]

+0.1550 [z{0.2481) + z(0.7519)] + 0.1772 [z (0.4126) + z{0.5874)]

1.6681¢0

S mk
S m o

Table 10. Test statistics and acceptance regions for Tests B, and B,

Ho: g tx) = gi ) = N {g, 00)
Hi: g (x) = g2{x) = N (g, 02}, ©unknown

Conditions Acceptance regions

0.0549 [z{0.9896) — z (0.0104)] -+ 0.1244 [z (0.9452) — z (0.0548)]
+ 0.1825 [z {0.8304) — z {0.1696}]

< aa(l.O . 1.7;11)
n

0.0307 [z2(0.99451) — z(0.00549)] + 0.0730 [z (0.9714) ~— z(0.0286}]
+ 0.1168 [2(0.9149) — z(0.0851)1 + 0.1477 [z (0.7983) — z{(0.2017)]

1.7146
San (1.0 + —n%—'>

o2 % L51
& = 0.01

0.0549 [z (0.9896) — z(0.0104)] + 0.1244 [z(0.9452) — z (0.0548]]
+ 0.1825 [z(0.8304) — z (0.1696}]

1.2309
§ 01(1.0 =+ 7 )

02201

£-=0.05 0.0307 [z (0.99451) — z{0.00549)] -+ 0.0730 [z (0.9714) — z(0.0286)]

+ 0.1168 [z {0.9149) — z (0.0851)] + 0.1477 [z (0.7983) — z(0.2017)]

: 1.2121
§al(1.o¢ o )

32
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Table 11. Test statistics and acceptance regions for Tests D, and D,

Ho: g1 (x) = N (g, o),
H:: g1 {x) = N (g, 0},

g:ly) = N g, 0), o known, i unknown
g:ly) = Nz + 6,0}, 9750

Conditions

Acceptance regions

620
£ =0.01

0.0968 [z (0.0540) — 2z’ (0.0540) + z (0.9460) — z’ (0.9460)]
+ 0.1787 [z (0.1915) — 2’ {0.1915) ++ z {0.8085) — z’ {0.8085)]
-+ 0.2245 [z(0.3898) — 2’ {0.3898) + z(0.6102) — 2’ (0.6102)]

2 F72.3793¢ (m) *
nyng
0.0559 [z{0.0310) — 2’ {0.0310) -+ z{0.9690) — z’ {0.9690]
+ 0.1119 [z(0.1154) — 2’ (0.1154) + 2{0.8846) — 2’ {0.8846}]
+ 0.1550 [ (0.2481) — £ (0.2481) + z(0.7519) — 2 (0.7519)]
+ 0.1772 [2(0.4126) — 2’ (0.4126) + 2(0.5874) — z' (0.5874)]

+ o\ %
2 7235940 (1‘n——"—2)

1 N2

620
€= 0,05

0.0968 [z (0.0540) — z’ (0.0540) + z{0.9460) — 2z’ (0.9460)]
+ 0.1787 [2(0.1915) — 2’ {0.1915) + z{0.8085) — £’ (0.8085)]
+.0.2245 [z (0.3898) — 2’ {0.3898) + z(0.6102) — £’ {0.6102)]

. ny -+ nz)%

2 7168220 (—-—"1 —~

0.0559 [z(0.0310) — 2’ {0.0310) + z(0.9690) — =’ (0.9690)]

+ 0.1119 {z(0.1154) — Z' (0.1154) + z(0.8846) — z' (0.8846)]
-+ 0.1550 [z ({0.2481) — 2’ {0.2481) + z{0.7519) — £’ (0.7519)]
+ 0.1772 [z (0.4126) — 2’ (0.4126) + z (0.5874) — Z’ (0.5874)]

%
Z F1.6681¢ (ﬂ"i—"—?)

1 02

JPL TECHNICAL REPORT 32-1163

33




Table 12. Test statistics and acceptance regions for Tests F; and Fg

Ho: g1 (x) = N (0, 1), galy) = N10,1), p=0
He: g1 (x) = N0, 1), g: {y) = N 10, 1), pFO
Conditions Acceptance regions
0.0549 [z (0.9896) -7 (0.9896) — z(0.0104) + Z’ (0.0104)]
+ 0.1244 [z (0.9452) — 2’ {0.9452) — z{0.0548) + Z’ (0.0548)]
+ 0.1825 [2(0.8304) — z’ (0.8304) — z (0.1696) + Z’ (0.1696)]
2.4620
S+ 25
p20 . ,
&= 001 0.0307 [z (0.99451) — z' (0.99451) — z (0.00549) + z’ (0.00549)]
) 4+ 0.0730 [z (0.9714) — 2’ (0.9714) — z(0.0286) -+ =z’ (0.0286)]
+ 0.1168 [z(0.9149) — 2’ (0.9149) — 2 (0.0851) -+ Z’ (0.0851)]
+0.1477 [z (0.7983) — Z’ (0.7983) — z{0.2016) + =z’ (0.2016}]
2.4248
< +
> = n*
0.0549 [z {0.9896) — z' (0.9896) — z (0.0104) + 2’ (0.0104)]
+ 0.1244 [z (0.9452) — Z’ (0.9452) — z(0.0548) + z’ (0.0548)]
+ 0.1825 [z(0.8304) — z'{0.8304) — z(0.1696) + z' {0.1696}]
1.7406
S =75
P20 " 10 '
&= 0.05 0.0307 [z{0.99451) — Z' (0.99451) — z({0.00549) 4 z' {0.00549)]

+ 0.0730 [z(0.9714) — 2’ (0.9714) — z(0.0286) -+ z’ (0.0286)]
~+ 0.1168 [z (0.9149) — 2’ (0.9149) — z(0.0851) + z' (0.0851)]
+ 0.1477 [2(0.7983) — 2’ (0.7983) — z(0.2016) + 2z’ (0.2016)]

1.7143

S =+
= n%

Table 13. Test statistics and acceptance regions for Tests A; and Aq, using near-optimuym quantiles

Ho: g (x) = gy () = N {y, o)

Hi: g (x) = gz {x) = N (u, 0), o unknown
Conditions Acceptance regions Constraints
Test xs
{0.0968 = q) z(0.0540) + (0.0968 =) z {0.9460) + (0.1787 *a) z{0.1915) . b?
e 2 -+ {0.1787 =a) z (0.8085) + (0.2245 =)z (0.3898) + (0.2245 T a) 2{0.6102) ® T 20117 n — 18.696 b
Sm Fb)=1~¢
Test As
(0.0559 =) z(0.0310} -+ (0.0559 T=a) z{0.9690) -+ (0.1119 *a) z(0.1154) 2
2 % 1 4+ (0.1119 =) 2 (0.8846) + (0.1550 £ a) z{0.2481) + {0.1550 +a)z(07519) 2= f =
+ {0.1772 *0) z{0.4126) + (0.1772 TFa) 2 (0.5874) 61.163n — 35.890 b
F(b)—1—¢

Sw

34
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Table 14. Test statistics and acceptance regions for Tests D; and D, using near-optimum quantiles

Ho: g1 (x}) = N {g, o),

& y) = Nig, o),
Hi: gx () = N (g, o),

# and o unknown

g {y) = N + 6,0, 8750
Conditions Acceptance regions Constraints
Test Bs
(0.0968 +a) [z (0.9460) — ' {0.0540)] + (0.0968 F-a) [z (0.0540) — Z' (0.9460)] ,
. + {01787 3¢} [2(0.8085) — ' (0.1915}] + (0.1787 o) [2(0.1915) — 2 {0.8085)] o= b .
620 4 (0.2245 *a) [2(0.6102) — 2’ (0.3898)] -+ (0.2245 -a) [z (0.3898) — =’ (0.6102)] 58.234n — 18696 b
Flly=1—¢
>0 (b)
Test l_)s
(0.0559 £4) [z (0.9690) — ' (0.0310)] + (0.0559 =a) [z(0.0310) — =’ (0.9690)]
s3>0 4 (0.1119 a) [2(0.8846) — 2’ (0.1154]] -+ (0.1119 Fa) [2{0.1154) — 2’ (0.8846}] . b?
< + (0.1550 a) [z {0.7519) — 2’ (0.2481)] + (0.1550 Ta) [z (0.2481) — 2 (0.7519)] @ = 1223257 — 35.890 b
+ (0.1772 +a) [2(0.5874) — 2’ (0.4126)] + (0.1772 ) [2(0.4126) — 2 {0.5874)] FB)=1—¢
=0
z

Table 15. Test statistics and acceptance regions for Tests E; and E, using near-optimum quantiles

Ho: g1 (x} = N {g, o),

gz (y) =N (y., o),
Hi: g1 () = N (i, 0},

& and o unknown
gz ly) = N (g6 o),

>0.
Conditions Acceptance regions Constraints
TesIEs
(1 £ a) {0.0549 [2(0.9896) — z{0.0104)] -+ 0.1244 [z(0.9452) — z[0.0548)]
g1 4 0.1825 [z (0.8304) — z (0.1696)1 } + {1 T-a) {0.0549 [ {0.9896} — z’ (0.0104)] o = 15_7‘23_" —
+ 0.1244 [2’ (0.9452) — 2’ (0.0548)] + 0.1825 [/ (0.8304) — 2’ {0.1696)] } Fib) "l
= - &
>0
Tests
(1 + a) {0.0307 [z({0.99451) — z (0.00549)] + 0.0730 [2(0.9714) — z{0.0286)]
01 + 0.1168 [z (0.9149) — =z (0.0851)] + 0.1477 [z (0.7983) — z(0.2017)]} . 3.6817n
< + (1 5= ) {0.0307 [’ (0.99451) — Z' (0.00549)] -+ 0.0730 [z’ (0.9714) — z’ {0.0286)] =1
+ 0.1168 [2' {0.9149) — £/ (0.0851)] + 0.1477 [2’ (0.7983) — ' (0.2017)] } Fiey=1—¢
>0

Table 16. Test statistics and acceptance regions for Tests F, and Fs, using near-optimum quantiles

Ho: g1 {x) —= N (g, o),

g:{y) =Ny, 0),p=0
Hi: g1 (xX) = N {g, o),

g2 ly) = N g, 0), p 70,  and o unknown
Conditions ' Acceptance regions Constraints
Test Fs
(1 5 @) {0.0549 [z (0.9896) — z(0.0104)] + 0.1244 {z{0.9452) — z (0.0548)]
p=0 + 0.1825 [2(0,8304) — z (0.1696)] } + (1 ) {0.0549 [’ {0.9896) — z (0.0104)] o= _3_57_‘2_31 -1
+ 0.1244 [ (0.9452) — ' {0.0548)] -+ 0.1825 [z’ {0.8304) — z’ (0.1696)1 } b
Fb)y—1—e
>0 (b)
Test Fs
(1 = a) {0.0307 [z(0.99451) — z (0.00549)] + 0.0730 [z(0.9714) — z(0.0286)] 3.6817
>0 + 0.1168 [z (0.9149) ~ z {0.0851)] + 0.1477 [z (0.7983) — z(0.2017}]1 } ot = —l—b,,—" —
P + (1 3 ) {0.0307 [ {0.99451) — 2’ (0.00549)] + 0.0730 [2 (0.9714) — Z' (0.0286)] Flb) = 1 —
+ 0.1168 [’ (0.9149) — 2’ (0.0851)] + 0.1477 [’ (0.7983) — Z' (0.2017)] } by = €
>0
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Table 17. Suboptimum test statistics and acceptance regions fork =6, C =1

p1 = 0.0231 ps — 0.9769
p2 = 0.1180 ps = 0.8820
p: — 0.3369 P1 = 0.6631
Conditions Acceptance regions Constraints
Test As
S 0.0497 (z; + zg) + 0.1550 {z; -+ z) + 0.2953 (zz + zi)
F(b) =1—¢
o S 1.0282 bo ®)
Lt
Test A b
— fa— 2 .
S (0.0497 = o) z; + {0.0497 ¢ a_)z« + (0.1550 * a) z2 + (0.1550 ¢ @) z5 & A — 295165
Ha + (0.2953 =+ @) z; + (0.2953 Fa) 2
F{b) = 1— ¢
S m
Test Bs
0.1088 (zs — z) + 0.1951 (z5 — z2) + 0.1228 (z, — z3)
0: 2 01 _
< (Io+0.7650b) F(by=1—e
=01 LUz —‘—'——'n%
Test D¢
0.0497 (z1 — =z + 2z — Zg) + 0.1550 {z; — z; + 2z — zf)
020 + 0.2953 (z3 — z; -+ zs — z}) Flb)=1—c¢
%
Z 7 1.0282bo (ﬂ‘—'-"—i'l)
m ng
Test Ba
S (0.0497 * ) (zs — Z}) + {0.0497 TFa) (z: — z§) + (0.1550 %a) {zs — i) + {0.1550 == @) {z2 — z5) . b?
620 + (0.2953 £ a) (z — 23) + 0.2953 7% a) (za — i) % T 98.065n — 29.516 b
20 Fby=1—e¢
Test -E_s
- (1 % a) [0.1088 {zs — i) + 0.1951 {zs — z3) + (0.1228 (Z; — z3)] . 34176 n _
821 + (1 = a) {0.1088 (Z's— z}) + 0.1951 (zs— =z;) + 0.1228 (z;, — z})] =T
>0 Fib)=1—¢
Test Fs
0.1088 (zs — zg— z + 27) + 0.1951 {zs — z; — z3 + Z})
+ 0.1228 {z, — 2, — z + z})
p20 4 3 3, Py =1—s
1.0819 b
S E—5—
Test Fs
{1 = a) [0.1088 (zs — z1) + 0.1951 (z5 — z2) + 0.1228 {z: — z3)] ., 3.4176n
P20 + {1 = a) [0.1088 {zs— zi) + 0.1951 {zz — 23} + 0.1228 (, — z;)] =T
>0 Fl)=1—¢
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Table 18. Suboptimum test statistics and acceptance regions fork = 6, C = 2

>0

P = 0.0193 ps = 0.9807
p2 = 0.1009 ps — 0.8991
ps = 0.3071 p: = 0.6929
Conditions Acceptance regions Constraints
Test As
0.0424 (z;, + z4) + 0.1401 {z + z5) + 0.3175 (z: + zi)
w2 Fib)=1—¢
<, + 10348 b
= My = n%
Test As b?
{0.0424 =+ o) z, -+ {0.0424 T~ @) z; + (0.1401 *a) z: + {0.1401 == a) zs = —
pe 2 F (0.3175 + o) z; + (0.3175 o) z« 55.344n — 34.559 b
F{b)=1—z¢
Swm
Test Bg
0.0940 (zs — zi) + 0.1847 {zx — z2) + 0.1387 {z: ~— z)
0 2 oy . Fpy=1—c¢
0.7606
< e ——
= 01 ( 1.0 &= n% )
Test Dg
0.0424 (zy — 2+ zs — 2} + 01401 {zo ~ 2, + 2z — )
=0 + 0.3175{zs — 23+ z — 27) Fhy=1—c¢
Y
2= 1.0348 bo (m)
N ne
Test Be b?
{0.0424 *+ o) (zs — 2} + (00424 = o) (z. — Z,) + (0.1401 =+ o} {zs — 23) &=
= R 2
60 + (0.1401 T &) {z2 — 24) + (0.3175 £ a) (2 — 2}) + (0.3175 F o} {zs — 2} 110.688 n — 34.559 b
Flb}=1—¢
20
Tesst
S {1 % &) [0.0940 (25 — z,) + 0.1847 [z — z:) + 0.1387 (zc — ze)] ot = 385720,
621 + (1 7 o) [0.0940 (2, — 2} + 0.1847 (2, — ) + 0.1387 (, — )] - bx
= Sanadl¥ .4
>0
Test Fg
0.0940 (ze — 26— z + 27) + 0.1847 (zs — z5— = + 2})
p20 + 0.1387 (zs — 2, — z + z¥) Fib)=1—c¢
1.0757 b
s = 072
n
Test Fg
(1 = @) [0.0940 (z5 — z:) + 0.1847 (z5 — z:) + 0.1387 (z — Z4)] &= 3'-4%2 -
p20 + (1 £ o) [0.0940 (£ — 2;) + 0.1847 (zf — 23) + 0.1387 (', — )] Fib)=1—¢
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Table 19. Suboptimum test statistics and acceptance regions fork = 6,C = 3

p1 = 0.0175 pe = 0.9825
pz = 0.0922 ps = 0.9078
ps = 0.2858 ps = 07142
Conditions Acceptance regions Constraints
Test Az
- 0.0389 (z: + zs) + 0.1306 {z; + z5) + 0.3305 (z: + zJ)
Fib)—1—¢
o ta <, ., 10383bo ®
> P = n%
Test Za
(0.0389 * &)z, + {0.0389 I @) zs + (0.1306 * a) z: + {0.1306 = &) zs . p?
W, + {0.3305 % )z + (0.3305 ¢ a) z: @ = 59.420 n — 35.816 b*
S Fo)=1—z¢
Test Bg
0.0865 (zs — zi) + 0.1764 (zs — z:) + 0.1478 (24 — z5)
> —_—f —
oz £ .01 X Fib)=1—¢
[ 0';( 1.0 = —075205)
n
Test D
0.0389 (zs — 24+ 2o — zi) + 0.1306 {z: — 2, + z — =)
+ 0.3305 (s — Zy+ z — 2)
020 Fo)=1—¢
Z 7 1.0383 bo (—————"‘ + "”)%
nng
TestBa
{0.0389 =% &) (zs — z}) + (0.0389 = a) (z. — 27} + (0.1306 =+ o) {zs — zp) . b2
620 + {0.1306 I a) {z2 = 2) +-10.3305 =+ ) {z. — z%) + (0.3305 = o) {zs — .2}) T 7118.839 0 — 35.816 b°
=0 F(b)=1—¢
Test Ee
S {1 = &) [0.0865 (zs — zi) + 0.1764 {zx — z2) -+ 0.1478 {z: — z3)] 2 — 3_-4_7_5_3__"_ —_
61 + {1 T a) [0.0865 (z, — z) + 0.1764 {2, — ) + 0.1478 {z, — 23] b
Fih)=1—¢
>0
Test Fs
0.0865 (zs — z4 — z; + z3) + 0.1764 {zs — 25— x + Z})
+ 0.1478 {zs — 2y, — z + z3)
P20 e Fl)=1—¢
1.0720 b
SET g
n
Test Fe
. (1 5 a) [0.0865 (zs — z) + 0.1764 (z; — z2) + 0.1478 {2 — zs)] o= 347580 _
020 + (1 + a) [0.0865 (25 — i) + 0.1764 {2 — z5) + 0.1478 {2, — z3)] o) b1
= hanll -3
>0
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Table 20. Suboptimum test statistics and acceptance regions fork = 8,C = 1

p; = 0.0119 p: = 0.0604 ps = 0.1721 p: = 0.3711
ps = 0.9881 pr = 0.9396 ps = 0.8279 ps = 0.6289
Conditions Acceptance regions Constraints
- Test As
0.0249 (z; + z5) + 0.0764{z; + z) + 0.1568 (zs + z5) + 0.2419 {z: + z)
> f— —
$2 1.0175 bo Flb)=1—c¢
S pE 5
n
Test Xs
{0.0249 + @) z; + (0.0249 = o) zs -+ (0.0764 £ @)z + (0.0764 = o) z; . b?
He S + {0.1568 =+ @) zs + (0.1568 = @) zs + {0.2419 =+ @)z + (0.2419 = o) zs * = '99.965n — 58.972 b
S Flo)=1—¢
Test Bs
0.0600 (zg — zi) -+ 0.1249 {z; — z2) + 0.1528 (26— z5) -+ 0.0789 (z5 — z4)
= _
o2 £ 01 0.74 Fby=1—z¢
So: (I.O + —7—1“-’—)
n
Test Ds
0.0249 (z; — 2z} + zs — Z) + 0.0764 (zo — 2, + z; — 2i) + 0.1568 (2. — 2z}, + z5 — z5)
+ 0.2419 (zs — z, + z5 — z§)
620 . Fll)=1—c¢
2 = 1.0175bo (ﬂ‘;%@)
1 nz
Test Bs
{0.0249 =+ ) (zs — z) + (0.0249 7= a) (z1 — z}) + (0.0764 =+ o) (z: — zb) .
- + [0.0764 = a) {z: — 2} + {0.1568 & &) {zs — z) + (0.1568 == a) (zs — z5) 2= b .
931 n — 58.
90 + {0.2419 = g} {z — 2) + (0.2419- 7 @) (= — 25) 199931 n — 58.972b
Flp)=1—¢
20
Test s
(1 = o) [0.0600 {zz — zi) + 0.1249 (z: — z2) 4 0.1528 {z5 — z;) + 0.0789 [z — )] . _ 3.6206n
621 + {1 5= a) [0.0600 (z; — 27} + 0.1249 {z;, — z,) + 0.1528 {z; — =z;) + 0.789 {z; — Z})] T TR
>0 Flp)=1—=¢
Test Fg
0.0600 {25 — zt — 2z + z}) + 01249 [z — z; — z + 2)
+ 01528 (2 — 2z — 23 + 23) + 0.0789 (zs — zs — zs + Z})
p20 Fl)=1—c¢
1.0510 b
SE—5—
n
Test Fs
{1 =F o) [0.0600 {23 — z1) + 0.1249{z — z») + 0.1528 {zs — z) + 0.0789 {2z — z:)] »__ 3.6206n
pZ0 + {1 = a) [0.0600 (z; — z3) + 0.1249 {z; — 2}) + 0.1528 (z,— 2}) + 0.0789 (z5— )] @ =T
>0 Flpy=1—e
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Table 21. Suboptimum test statistics and acceptance regions fork =8,C =12

p1 = 0.00998 p: = 0.0515 p: = 0.1511 ps = 0.3481
Ps = 0.99002 pr = 0.9485 ps = 0.8489 ps = 0.6519
Conditions Acceptance regions Constraints
Test Ag
0.0212 (z: + z5) + 0.0668 (z: + z1) + 0.1473 (zz + z6) + 0.2647 (2, + z5)
w2 Fhy=1—¢
<, o 10201 bo
SmE— 53—
Test Xs bz
p J—
> (0.0212 *+ o) z; + (0.0212 I @) zs + (0.0668 £ a)z + (0.0668 5= a) z; & = 17246 n — 66.247 b?
o + {0.1473 % a) z; + (0.1473 == a) zs + (0.2647 =+ @) z, + {0.2647 5= &) zs
Fiby=1—c¢
Swm
Test Bg
0.0518 (zs — z) + 0.1134 (z; — z2) + 0.1534 {zs — z3)
0 2 o + 0.0925 (zs — z4) Fby=1—c¢
San ( 1.0 = 2'774%7—9)
Test Ds
0.0212 (z; — 2 + z; — z}) + 0.0668 (z: — 2, + 27 — ;) + 0.1473 (zs — 25+ 2z — z}) .
620 + 0.2647 {zs — zi + zs — z}) Fh)=1—¢
%
2 7 1.0201 bo ("‘—tﬂi)
n
TesO-D.a
{0.0212 & o) (25 — z5) + (0.0212 ¢ a) {z: — z5) + (0.0668 £ a) (z:— 2}) &= b
620 + (0.0668 = a) (z: — Z3) + (0.1473 £ a) {ze — 25) + {0.1473 = o) {zs — 2}) 222.493 n — 66.247 b’
+ (0.2647 £ a) (zs — 2) + (0.2647 = o} (z —— z) Fll)=1—¢
20
TestEs . 364560
021 (1 = .0) [0.0518 (zs — z;) + 0.1134 (z; — z2) + 0.1534 (zs — z) -+ 0.0925 {z; — z4)] @ =g
< + {1 oF a) [0.0518 {z} — Z}) + 0.1134 (2] — Z}) + 0.1534 (£, — z}) + 0.0925 (£ — )]
>0 Fib)=1—c¢
Test Fs
0.0518(zs — 25—z + 23) + 01134 {zn — 27 — 2z + Z})
p20 4 0.1534 (25 — Zg— zs + 2}) 4 0.0925 (zs — zi — z + Z}) Fhy=1—¢
1.0475 b
s =
n
Test?a
020 11 == @) [0.0518 (zs — z;) + 0.1134 (z; — =z} + 0.1534 {z; — z:) + 0.0925 (z5 — z4)] o= 284560 _
=5

+ (1 % a) [0.0518 (z;— Z}) + 0.1134 (z} — z}) + 0.1534 {;, — z}) + 0.0925 {z; — Z)]
>0

40
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Table 22, Suboptimum test statistics and dcceptcmce regions fork =8,C =3

p1 = 0.00921 p2 = 0.0476 p: = 0.1407 ps = 0.3314
ps = 0.99079 pr= 0.9524 ps = 0.8593 ps = 0.6686
Conditions Acceptance regions Constraints
Test As
S 0.0196 (z, + zs) + 0.0626 (z: + z1) + 0.1404 {zs + zo) + 0.2774 (2, + zi)
F{b)=1—z¢
< i < ., 10223bo ®
Smt—g—
n
Test Ks b2
{0.0196 = a) z: + {0.0196 = o) zs + {0.0626 * a) 2, + (0.0626 = o) z1 o= 117,400 n — 70720 b
T + (0.1404 = @) z + (0.1404 = a) zs + (0.2774 =+ )z, + (0.2774 7= a) z5 ’ )
Yy Flb)=1—c¢
1
Test Bs
0.0484 (zs — z:) + 0.1075 {21 — z) + 0.1512 (26 — 23} + 0.1004 {z5 — zJ)
> =1 -
=L o 0.7397 b Fio)=1—¢
< e A
> o0n (1.0 = n% )
Test Dg .
0.0196 (z1 — 2, + zs — i) + 0.0626{z: — 2z}, + z: — Z}) + 0.1404 (zs — 2+ zs — z})
-— SR
420 + 0.2774 (z, — Zi+ z5 — Z) Flb)=1—¢
%
= F1.0223bo (-"—‘i—ff)
nins
TesIBa
(0.0196 * ) (zs — z}) + (0.0196 = a) (z; ~— =z5) + {0.0626 * @) (z1 — z) b2
920 + {0.0626 = ) (z: — z}) + (0.1404 = 4) (2, — Z}) + (0.1404 =% a) (zs — Z}) &= 734,300 7 — 70729 B
+10.2774 £ o) (= — 2z} + (0.2774 F o) (z4 — 2}) . “',) ——e
20
Test s 3.6550n
> (1 = ) [0.0484 (zg — z;) + 0.1075 (z: — z2) + 0.1512 (z5 — z;) + 0.1004 {z; — z,)] o= T
#=1 + {1  a) [0.0484 (z, — z]) + 0.1075 (zh,— z5) + 0.1512 {z\,— =z}) + 0.1004 (z',— £})]
> 0 F(b) =1
Test Fs
0.0484 (zz — zt — 2z, + Zi) + 0.1075 (z: — 24— = + Z})
S i R 2
P20 + 01512 {z — 2z~ 23 + Z;) + 0.1004 {z; — 25— z, + Z}) Fb)=1—¢
1.0461 b
< +
= = n*%
Test Fs . 36550n
>0 (1 == @) [0.0484 (z; — zi) + 0.1075 (z1 — z2) + 0.1512 (zs — z3) + 0.1004 (z5— z,}] L
S + (1 & o) [0.0484 {z; — Z}) + 0.1075 (z; — z%) + 0.1512 (Z, — z}) + 0.1004 (z; — z})} Flb)=1—¢

>0
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Table 23. Estimators of p under near-optimum and suboptimum conditions fork =6, yu;, =, =0, 0y =, = 1

Conditions Estimators of p
p1 = 0.0104 ps = 0.0548 ps = 0.1696
pe == 0:9896 ps = 0.9452 ps = 0.8304
N ; A _ 00549 (£ + 25— 2 — 25) + 01244 (& + 55— 25— 28y + 0.1825 &+ 24— 2 — 2)
ear-optimum P = 6.6777
— + 3.1143
n
p1 = 0.0231 pz = 0.1180 ps = 0.3369
ps = 0.9769 ps = 0.8820 p« = 0.6631
- A 01088 (£ + 25— 2% — z8) + 01951 (£ + 25 — 20" — 2) + 01228 (2 + 25— 27 — 2
= b= 5.1915
— + 29132
n
p:1 = 0.0193 pz = 0.1009 ps =0.3071
ps = 0.9807 ps = 0.8991 ps = 0.6929
= A _ 00940 (3 + 25— 2T — 20) + 0.1847 (5 + 25— 2 — 25) + 01387 (5 + 25— £ — )
€= p= 6.3320
—— + 2.9536
n
p1 = 0.0175 p2 = 0.0922 ps = 0.2858
ps = 0.9825 ps == 0.9078 ps = 07142
c=13 A _ 0.0865(z + 24— 21 — Z3) + 01764 (; + 25— 277 — 27) + 0.1478 (£, + 25— 25 — zD)
=t n =
93%’2 + 2.9707

Table 24. Estimators of p under near-optimum and suboptimum conditions fork =8, p; = p, =0, 0, =0, =1

Conditions Estimators of p
p1 = 0.00549 p: = 0.0286 ps: = 0.0851 p« = 0.2017
ps = 0.99451 pr = 0.9714 ps = 0.9149 ps = 0.7983
N . A 0.0307 (2% + 25— 2T — z8) + 0.0730 (2 + 21 — 22 — Z) + 01168 (5 + 25 — 2’ — 25) + 0.1477 (£ + & — 27 — =)
edar-optimum p1 = 7.2993
-+ 3.1397
n
p1 = 0.0119 pz = 0.0604 p: = 0.1721 p: = 0.3711
ps = 0.9881 pr = 0.9396 ps = 0.8279 ps = 0.6289
=1 ? _0.0600(z; + 23— 2z’ —z) + 0.1249 (£ + £; — xI — 27) + 0.1528 (2} + 2} — 27 — 27) + 0.0789 (£, + £ — 27 — 2¥)
= =
87887 | 30100
n
p1 = 0.00998 p: = 0.0515 p: = 0.1511 ps = 0.3481
ps = 0.99002 p1 = 0.9485 Ps = 0.8489 ps = 0.6519
c=2 A= 0.0518(; + 28 — 2zi' — z5) + 01134 (5 + 2} — 2 — 2) + 0.1534 (£} + £ — 22 — 25) + 0.0925 (£} + 25— 27 — 27)
= = :
———6‘9:7' + 3.0374
p: = 0.00921 p2 = 0.0476 ps = 0.1407 ps = 0.3314
ps = 0.99079 p1 = 0.9524 ps = 0.8593 ps = 0.6686
c=32 A _00484(7 + 2 — 2 — 25) + 01075 (22 + 2% — 25 — 2F) + 01512 (3 + £ — 2F — 28) + 0.1004 (£ + £ — 2§ — 2%)
= p1 =
59961 4 30506
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Table 25. Estimators of p under near-optimum and suboptimum conditions

for k = 6, p = p1 = . unknown, oy = o, = 1

Conditions Estimators of p
p1 = 0.0104 p2 = 0.0548 ps = 0.1696
ps = 0.9896 ps = 0.9452 ps = 0.8304
Near-optimum - 0.0549 [z — z:) — (6 — z)] + 0.1244 [z — zo)” — (= — 2] + 0.1825 [(z. — zf — (4 — 2]
&1961 42286
n
p: = 0.0231 p2 = 0.1180 ps = 0.3369
ps = 0.9769 ps = 0.8820 ps = 0.6631
c=1 A= 0.1088 [{zs — z:)* — (zz — z)] + 0.1951 [{zs — zi)’ — {25 — 2i)"1 + 0.1228 [{z. — zo)* — (2} — Z4)']
= , =
24173 4 58264
n
p1 = 0.0193 p2 = 0.1009 ps = 0.3071
ps = 0.9807 ps = 0.8991 pe = 0.6929
c=2 - 0.0940 [{z, ~— z))* ~ (26 — zi)’] -+ 0.1847 [{zs — z)* — (25— 2{)*'] + 0.1387 [{z: — z:)’ — (2l — Zif]
= \ =
26036 | 59072
n
p:1 = 0.0175 p: = 0.0922 ps = 0.2858
ps = 0.9825 ps = 0.9078 ps= 07142
c=3 A _ 0.0865 [(zs — z:)* — (25 — z1)] + 0.1764 [(zs — zo)° — (5~ 2] + 0.1478 [{z. — zf — (2, — 23]
- b= 57037
= 4 59414
n
Table 26. Estimators of p under near-optimum and suboptimum conditions
for k = 8, p = u; = p. unknown, ¢, =0, = 1
Conditions Estimators of p
pP1 = 0.00549 Pz = 0.0286 Pz = 0.0851 P = 0.2017
ps = 0.99451 pr = 0.9714 ps = 0.9149 Ps = 0.7982
INear- A _0.0307 f{zs — =)' — {zf — z)] + 0.0730 [fzr — z)" — (2% — )] + 0.1168 [{ze — z)* — (zo — 2iF'] + 0.1477 [{zs — z)* — (5 — )]
ti .
optimum 6. 8:66 + 6.2794
p1 = 0.0119 p2 = 0.0604 ps = 0.1721 pe= 03711
ps = 0.9881 pr = 0.9396 ps = 0.8279 ps == 0.6289
c=1 |f= 020600 [tz — z) — z — Z1F] + 0.1249 [(z: — z)° — & — L)1 + 0.1528 [(ze — zo)* — {25 — z)'] + 0.0789 [(z: — z)* — (=5 — Z\)']
————6'0537 + 6.0200
pr = 0.00998 p2 = 0:0515 ps = 0.1511 p« = 0.3481
ps = 0.99002 pr = 0.9485 ps = 0.8489 ps = 0.6519
c=2 |A= 0.0518 [{zs — z:)* — {zz — z{)’] + 0.1134 [{z — =)’ — (2 — 2L} + 0.1534 [(zs — z)* — (25 — ZWF] + 0.0925 [{zs ~ zf° — {z5— 2,
——-—6'2:67 + 6.0748
p1 = 0.00921 pz = 0.0476 ps = 0.1407 p« =0.3314
ps = 0.99079 pr = 0.9524 pe = 0.8593 ps = 0.6686
c=3 5; — 0.0484 [(z - z) — (25— Zi)"] + 0.1075 [{z: — z)* ~ (2% — 221 + 0.1512 [(zs — z)* — {2k — 23] + 0.1004 [(zs — z}* — (z:— Z})
_9_.2_:5_2_ + 6.1012
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